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FUNCTIONS OF POSITIVE TYPE AND RELATED TOPICS IN
‘GENERAL ANALYSIS

By C. R. Dixgs.

I. Statement of the Probiem.

In a memoir ““ On the Foundations of the Theory of Linear Integral
Equations,”* Prof. E. H. Moore has discussed the foundations of a theory
of the general integral equation '

£ = n—aJwui, o @

including as instances the classical theory of integral equations and the
“theory of an infinite (or finite) number of linear equations in an infinite
{or finite) number of variables. Later, in an address before the Fifth
International Congress of Mathematicians at Cambridge, August 1912,+
he has discussed the fundamental functional operation of the general
theory on the foundation which he has .called 2;, and has given other
instances of the theory. In each of these papers, results are stated and
used which are proved in an earlier paper by Prof. Moore.} We would
refer also to a presentation of this theory by Bolza,§ which offers a ready
.approach to an understanding of the principles of the generalization.

, In the system 2; we have as basis

o | (25 %5 m; R=(a)z§)z)*; I,

where U is the class of all real or the class of all complex numbers, P is

* Bulletin Amer. Math. Soc., Ser. 2, Vol. 18 (1912), pp. 334-862. Inreference to this paper,
it will be denoted by I.

+ ¢ On the Fundamental Functional Operation of 'a General Theory of Linear Integral
Equations,’ Proceedings of the Fifth International Congress of Mathematicians, Cambridge,
August 1912. TIn reference to this paper, it will be denoted by II.

EE R Introduction to a Form of General Analysis,’’ New Haven Mathematical Oolloqmum,
_1906
§ Jahresbericht d. Deutschm Mathem Ve're@mgwng, Vol. 23 (1914), pp. 248-303.
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a general range in the sense of the true general, M is a class of functions
on B to A, & is a class of functions on the composite range BB to A and
is defined as the *-composite of the class M with itself, J is a general
functional operation on the class & to UA.* As Prof. Moore has shown
d, p. 861), we securé the general Fredholm theory of the equation (G) by
postulating that the class ® has the properties LCDD,, and that the
funetional operation J has the properties L and M. We denote the basis
with these postulates on its elements as the system 7. We secure the
Hilbert-Schmidt theory for the complex-valued Hermitian kernel «,
i.e., for a function «(st) such that x(sf) = k(¢s), by postulating that the
class 2 is the class of all complex numbers, that the class ® has the pro-
perties LCDD, R, and that the functional operation J has the properties
'LMHPP, The basis with these postulates on its elements is the system
3., Prof. Moore, in lectures at the University of Chicago, indicated the
desirability of removal of postulation of the property P, from the func-
tional operation, and had obtained .Theorem- I of this paper with its
corollaries before the author took up this question. The Hilbert-Schmidt
theory without postulation of the property P, on the functional operation
is carried through in § IV below. In these lectures Prof. Moore showed
also that the property H is a consequence of the properties L and P if the
class 2 is complex. :

Among the instances Prof. Moore has cited, an important one is. that
suggested by the analogy of the sphere and the ellipsoid which led to the
replacement of a unary operation J, on a basis he denoted by Z,-by the
binary operation J of the basis =5+ This instance does not derive its
importance from its application to equation (G) in the Fredholm theory,
but, from the standpoint of the Hilbert-Schmidt theory and of - the
‘geometry of a function space, it leads to fundamentally new results. In
this instance, given a system of type =5 we define J as operative on_a
function « no longer as merely Jx but aS"J(‘“;L)(,,t)K(st)w(zw) and write (to
simplify, leaving out arguments) with no ambiguity as to meaning

Ju,K - J(213)(4'2) K.

If, now, w is Hermitian, and further if w as to the operation J is of posi-
tive type, in notation .w”, thatis in case for every function u of the clags M,

2 —
J a2y eop. > 0,

., * Elements of the class 9 will be depote& by small Roman letters: a, b, c; of the cla;ssés
M and K by small Greek letters: u, & =, ¢, ¢, ¥ and «, A, p, w, respectively.
1 I, pp. 3495350, and II, §4.(c). . , o .

'
REPR}
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and further, if w is definitely so, in nota.tlon o, that is in case P
Jo (56) fwg- =0 1mphes £=0,

we have seeured for the functlon&l operation J, the plopertles LMHPPO,
and J, is operative as the functional operation for a new instance of
type Zs.

Mercer* has discussed the positive Helmltla.n kernel and has shown
its 1mportance from the standpoint of expansibility in a uniformly eon-
- vergent series of the characteristic functions. It is the purpose of this
' paper to discuss the positive Hermitian kernel in the general analysis as
regards the instance cited above, that is the instance suggested ‘by the
analogy of the sphere and the elhpsmd together with certain ‘other
problems in the general analysis connected with this problem We set
before us then, the problem of determining conditions on- the function o
sufficient to secure the equivalence of the properties PJ and’ P; for every
Hermltla.n function of the class £ In other words, we w1sh to detelmme
conditions on w sufficient o secure the relation

H D JAEa)ng-'} 0 (f) T~ J2EK.£> 0 (£)+ i @

where in integration by the functlonal operation J adjacent varlables are'
integrated out in pairs.

Ly

gy

IL. Definition of Terms. The Systems S, 34, and =,

"~ We first deﬁne the general systems we shall’ use in the discussion.
Dropping the postula,te P, on the functional opera.tmn J of the system Z,
we obtain what we shall call 3} ; viz.,

on P to QI.LCDDOR LMHP on R to "l)

(w85 = (DM ; T
We obtain the system 27 by introducing into the system Z; a new class R,
with the properties LDyE, and having the class ® as a sub-class.
Further, we postulate that J is operative on the class ®M)z. We thus

* Ph/Ll Trams., A, Vol. 209 (1909)

+ To.be read: ¢ For every Hetmxtmn (H) function x (of the class R), it is true that
(:D:) J-’gwmg = 0 for every ¢ of the clags I is equlva.lent to (+~:)J ’Exg =0 for every & (of
the class M).” .
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obtain

J.LMHP on ((91;.?) I‘) to Ql) *

As to notation, we shall denote functions of the class R by
v, a,

ItI;B is clear that any system of type Z or 3; is also of type 27, since
the class % may be taken as identical with the class M. Thus any
theorem which is proved on the foundation 27 is also true on the founda.-
tion Z; or Z;, functions of the class % being replaced by functions of the
class M. The system = derives its importance from the fact that, on it
as foundation, we can prove certain theorems for a class with postulates
less restrictive than those placed on the class M, without disturbing the
postulates on the class M, and consequently the properties of the
class . :

Before setting up the system X, we shall define certain properties of
sequences and of classes of functions other than the elementary ones used
in setting up the system X5 The properties named have been investi-
gated for the case in which the operation J is that of integration, but not
in generalization. These will be given on the foundation Zf, and then
the system X, will be obtained by postulating one of these properties for
the class 9t of Z;. In writing the definitions of these properties as well as
the theorems to follow, we shall use the notations of Peano as modified
and extended by Moore. The properties here defined will also be written
out ini full,+ and by comparison of the two forms the reader will come to
a complete understanding of the few simple symbols we shall use and be
able to interpret readily statements made throughout the paper. The
more involved of the theorems will also be’ written out in full.

(1) {an}complete for : am *D- Jaa = %J&anefﬁna,

-

* The property By is the property *‘is contained in the class N.”’

t (1) A sequence {a,.} of functions a, (of the class SJI) is said to have the property com-
plete for N,”’ in case for every function a of the class SR (a ) it is true that (-O-)

Jaa = = Jaa, Jan a.
n
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@ [apfEmemloi®, o5 5. g CA—)
n, ‘ T om, ! '

a,,a,,) (a— =z anan> <e,
= n=1

n=1

7 (am
@) {a ot R . (s Jaa, =0 @) +D- Jaa =0, 3

A funcinon o of the class & may have any of the followmg properties w1th
respect to functions of the class R,

(4) rwpositive as to N . ‘aS_t 5+ J%Gwa >0,

() ‘plosedasto . R . FRe'=0 -D- Jaa =0, ‘
] ' : EENEN

(6) titracclosed as PR N5 J(Jaw)(Jaw) =0 -D- Jaa = 0,*

(7) g ieEnite aato t i J%wa =0 O Jaa = 0,

(8) ' gBemeralfor B tatiD e - aﬁ?‘aJ(a—Jwﬁ,)(a—Jwﬁ,) <e.

(2) A sequence {a,.} ot fanctions a is said to have the propefby “ genera,l for N,” in case
for every function a of the class 9t it is true that, given a number e (> 0), it is true that there
exists (J) a set (ay, ..., ame) of numbers, the number of elements depending on e (n,), such thaf.

TP N R 1
(3) J(a— b a/nan )(a-— 29 a,.a,.) <e.
n= | u=l N
(3) A sequence {a,.} of fanctlons a, is said to have the property *closed as to N,” in case
for every function a of the class 0 1t is true that the relation, Jaa, =0 fot every n, implies

the relation Jaa =0. - ' -

‘ (4) A function w (of the class &) is said to have the property “ positive as to N,” in case
for:évery function a of the class St it is true that J%wa = 0.

(5) A function w is said t¢ have the property ‘¢ closed as to ‘ﬁ," in case for every function
a of the class N the rela.tlon Jaw =0, 1mphes the relation Ja aa =

(6) A functlon w is sa.ui to have the property « yltra-closed as to 9{ " in case for every

function a of the class 9t it is true that the relation, J(Juw)(Jaw) = 0, implies the relation
Jaa = 0.

* This property is equivalent, for a Hermitian function . to the definite property for the
function Jww. If the operation o has the definite (P,) property, it reduces to ordmary closure
of the function w.

(7) A function o is said to have the propérty ‘‘ definite as to R, in case for every function
a of the cla,ss M it is true tha,t the relatlon J’awa =0 1mp11es the re]atlon J" Ga = O )

(8) A function w is said to have the property “ geneéral‘for ¢M,’’ in case for every function a
of the class N it is true that given a positive number ¢.it is true that there exists a funptxon B

depending on ¢ and of the class i (Bm), such that.J {a—JwB:)(a— JwB,) <e i

S
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The properties C; and S, apphcable to the clags ¢, are defined as follows :

© 2% {ad } oL J(am—amam—a,.) =0 -5- 3"
' V ’ °L J(a—an)(a—an) =0,

(10) 95 : {a) },UO *({an} 3 = anay converges) -2 EaR?a = Jaza (n),*

The property Crisa closme property in that, if the class % has the
property Cy, it is closed as to convergerice in the mean. We shall show
that the properties C; and S are equivalent as applied to the class Rt of
Z;. These properties are, however, not possessed by the class of all con-
tinuous functions on the interval (0, 1) with respect to the operation of
integration on that interval. They are possessed by the class of all fune-
tions integrable together with their squares on that interval with respect
to the operation of integration in the sense of Lebesgue. This is the
primary reason for the introduction of the class M into the system Z.
But, with this introduction, the definite property P, of the functional
operation J does not obtain, and we are thus led to the remcval of the
postulate of this property to secure the systems we have named. The
system X, on which, as foundation, each theorem we state may be proved, -
is obtained from the system X7 by postulating that the class % has the
property C;. Thus we have

LD,RCron % to N |

LCDD,R.B,N
;M o ot

272<’21;‘SB;9K R=(§Iiii!)2)*;

JLMEP on ((m%)"‘) to ‘Jl) )
The system 2, is introduced, as we have pointed out, to secure a class

M with the properties C; and S. In instance IV, the class % may be
. taken as the class of all functions integrable with their squares in the

(9) A class i is~sa.id to have the property Cy, in case for every sequence { a,,} of functions

a, of the class N, such that L J(am—an)(am—a.) = 0, it is true that there exists a function a
mn

of the class N, such that L J (g'— an)(a—an) = 0.

(10) A class 9 is said to have the property S, in case for every sequence {a.} of functions
ay, Unitary and orthogonal [i.e. Jaia; =0 (i Fj), 1(i = )], and () sequence {a,} of numbers
a, such that Ea.,.a,, converges, it is true that there ex1sts a function « in the class 9%t such
that an = Ja,a for every n.

It will be noted that the number of dots on a sign of implication indicates the order of
logical weight of the 1mp11ca.tlon—tine main implication ha.vmg ‘the greatest number of dots,
and the other implications punctuated in order,

* Tt is understood that in case there is only a'finite number N of functions in the set
{an}, then there are exactly N numbers in the set. {a.},
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sense of Lebesgue on the interval (0, 1), while in instances II, and III,,
the classes for : may be taken as identical with.the. classes- 3 in the re-
spective instances,. On the foundation =, we shall prove the equivalence
of the properties complete, ‘general,and closed, for a unitary and orthogonal
set of functions of ¢, the relatiens being taken with respect to-the class R.
On this foundation we shall also prove the equivalence, for a Hermitian
kernel function w, of the properties, general for M, ultra-closed as to N,
and the existence of a unitary and orthogonal set of characteristic func-
- tions of w which is complete for R, providing that there exists in-the class.
N a functlon a such that Jaa qb 0.

II1. General Observations on the Problem with Zi.as Foundatio.n._ L

The problem as we have ‘stated it in §I may be extended on the
foundation 27 to a problem in which the positive relations are taken with
respect to the class 9t instead of with respect to-the class M. - We remark,
however, that by virtue of . Theorems VI and IX the relations, posmve as
to N and positive as to M, are. equlva.lent If we make this extension the
problem becomes, to obtain conditions on w, sufficient to secure the relation

ICH:D . ‘IFPJM as to N - KP;as to 9} v : o))

Concerning this problem, the following relations are clear at once.
(@) For any Hermitian function, w-of the class &,

HP, t Py, as
P a8 o M Dk Jwaﬁtom’

since Jaw 18 a function \of- -.the.class M for every a,* and accordingly,
D1 J%E>0 (€) D Jawkwa>0 (o).

Thus our problem, as stated above, reduces to that of“ obtaining conditions
on o sufficient to secure the relatmn

ch232 Py, a,sto‘R 'D' P;asto% ' @)

We obtain spch conditions i in ’I‘heorem XIII and equlvalent condltlons in
later theorems. - :

(b) It is clear that, in order to secure relation (2), the function must

g

* Vide Theorem II below. v
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be closed as to M. For, suppose there exists in M a function ¢ such that

JEEF 0 and JEw = 0. Choose x = — ££. We have, then, a function «
such that J*aexwa = 0 for every a, but there exists a funection, namely g,

such that - o -
TPEef = —JEEEE=—(TE6 <O,
and accordingly relation (2) does not hold.

(c) ana,lly, in case, for a given Hermitian function o and a function £,
the equation Jaw = £ is solvable for a, we have at once .
«F 1D T4 awkwa >0 -2 J%E>0.
In case, then, » is Hermitian and such that we can solve for a the equa-
tion. Jaw = u for every function u in the class M, we have f

H ... HPj asto Pyas toM
K K K .

g i I

Before taking up a discussion of the conditions on  described above,
we shall obtain generalizations of existence theorems concerning charac-
teristic functions and numbers, and for this the foundation =} will be
sufficient. Then we shall take up the equation Jaw = £ in generalization.

IV. The Hilbert-Schmidt Theory for a Complex-Valued Hermitian
: Kernel on the Foundation 27.*

The first three theorems we shall prove are theorems of a general
nature, made necessary on the foundation 27, because of the introduection
of the class ¢, and the fact that the functional operation is no longer re-
stricted by postulation of the definite property P,. They are of funda-
mental importance in consideration of relations on the foundation ¥;.

TaeoreM I.— a:D:Jaa=0 -~ JaB=0 (B).t

(A) That JaB =0 (,8) -D- Jaa = 0 is obvious.
B) Jaa=0 -5- JaB=0 (B).

* References to treatments of this theory in the classical instance IV. would be too
numerous o mention. The treatment we shall give of a generalization of the theory will
follow, in substance, that given by E. Schmidt, Math. Ann., Vol. 63. Changes are
necessary in the statements and proofs of the theorems since the functional operation is not
restricted by postulation of the definite property P, and the classes entering are not restricted
so as to contain only real valued functions.

T *¢ For any function a (of the class ) the relation J&aa = 0 is equivalent to the relation
JaB = 0 for every function B (of the class R).”
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(@  Jia=0 - J,B,B #0 -3-JaB=0, ' wanl
For, let R ' e
BJBa ,BJﬁa
y=a—=—=—, andso a=y+"—. 3)
Be TB8
Then JBy =0, and from (8),
_ J&BJBOL
0 = Jaa = Jyy+ ——,
B8
and, since J has the properties H and P, we have,

J&,B =0.
) Jaa =0 .JBB =0 -D- JaB=0.
For,let . i"yza—BJB;xg o
a.nd we have Ty == 2Jﬁ,3j/§a.
Smce J has the propertles H and P 1t follows that
Ja,B Jﬂa =0.

- . Cororrary I (Inequality of Schwarz).—

,3 D Ja,BJ,Ba Janﬁ,@

It J,8,6’ =0, the relation is obtained from the substitution . (8) Jof
the theorem since J has the property P.

It JBB = 0, we have from the theorem JaB = 0 for every o,
and accordingly

0= J&IBJIBQ = JﬁaJB,B et

“~
Cororrary II (Orthogonalization of a set of functions).— sl
@y oy o) =D 3 By oy Bu) 3IBB =0 GFJ),
,64; =2 Qij A (’I«= 1, ceey m), a; 2 1:7181 (’I/ = 1 )
, i=1 g =t

TaeoreM IL.— « + a -2+ (Ja)B? - (Jka)PT,

The theorem follows readily from the definition of the class &.
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Treorem IIL.—.

k 1D J(?g)(‘m)zlf =0 -~- J(:;s)(.;g) ok =0 (w) -~" ,J2aK;8 =0 (aﬁ)'

.P’I'OOfa_'—(A) 'J(?3)(42) k=0 -~ J(Zla)(42) wk =0 (w)

For, in J&s)(u), we have a functional operation which has the
properties LMHP on (f8); to 2.* Accordingly, we have this
operation as the functional operation for a new instance of =7,
and can use Theorem I.

(B) Jés)(.;g) wk =0 (w) e~ J2aKB =0 (a, ,8).

Q) Januner =0 (@) D+ J2aB =0 (a, B

Since w may be taken as £.s, where £ and # are arbitrary
functions of M, we have J2%kn = 0 for every & and .
Accordingly, for every &, Jék is a function of the class 2,
such that J (fo)(ﬁ) =0, and by Theorem I, for every
function B of the class M we have J2%kx3=0. In an
analogous way we show J%ax3 = 0 for every a and (3.

@ PaxB=0 (a8 D Janunex=0 (o).

To prove this relation we note that any function o of the
class & may be expressed as the limit of a sequence of
functions of the class (MM);, uniformly convergent relative
to a scale function of that class, and the theorem follows
at once.

COROLLARY.—

D J(zgs)(.ﬂ) kk=0 -~-" Jés)(g) kw0 =0 (0 ‘~- J%akB=0 (a, .

TreoreM IV.—

P :DZJ(zg)(u)KK:#O -~- 3 (2'0, ¢_=O)3¢=ZOJK¢.+

* The proof of this statement is omitted. However, J(213)(42) is immediately obtainable as
the functional operation in the instance Prof. Moore has called the %-composite of systems,
vide IT, §4 (b). To prove that J(’m)m) has the property P, we use Corollary II, Theorem I.

t The notation ¢ - = 0 denotes the relation: ¢ is not identically zero. It negates the
relation : ¢ (p) =0 foreveryp, " .~ : ‘ .
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. 2 2
cLemMa— - Tk =0~ Jagyunkrkr = 0;
where «, is the iterated kernel
. : _1
@) 45) .. 2r—2, r—1) KK «.. K.
(A) That J (28)(41) KK = 0 ‘. D J (23)(41) Krkr = 0,

follows at once from the Comllary of Theorem III
» ®B) J(za)(h) keky =0 +D- J(gs) @) kk = 0.
1) r=28
We have Jés)(ﬁ) Kply — 0 - D“" J2a/c,.,3 =0 (a, ,3)
. J(Jalcl)(Jach) =0 (o)
2 2
D Jak, B=10 (a,f)
2
*D+ Janaykrk, = 0.
2 2
Applying this result % times we have the desired relation.
Q) 28 < r < 281 Tiet = 2¥+1—g,

‘We have J(zs)(u) kpkp =0 + D J(zs)(u) Kpyskres =0 T

= J(zs)(u) Kaks1 Kyt i1 = 0,
X e T .‘
and, from (1), ; - J<2s><41, k= 0.

Proof of Theorem IV.*— | .
(A) &% 1D Jogun ke 0 -Dv T (7, ¢~ = 0) 2 ¢'= 20T

On the foundatmn ) which secures the Fredholm theory and
includes’ 25 as an mstance, we have

1
" D) dzD () = E o J(2l)"-'n+l = nZ_‘: O 12" 4)

where a, = Jankn and D(2) is the Fredholm determinant

* We have diverged from the method of proof by Schmidt by introducing the Fredholm
theory. Cf. Kneser, Die Integralgleichungen, Braunschweig (1911), pp. 234-6 ; also Heywood
and Fréchet, L’ Equation de Fredholm, Paris (1912), pp..83-86.
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for k... Using the Schwarz inequality for the instance offered
by *-composition of systems Z3,* we have

J(il)3) 42 Kn—1 Kt J (zs)(«iz) Kt Knm1 J (%3)(42) Kn—1 Knl1 (%s)@z) Kn+1Kn+10
or . Tk < Tran—2J kenv2,
or C (90)? < Qzn—2Gans2- ‘

Further, since J(gg)w) «k == 0, we have, by the Lemma,

A >0 ().
Aon+2 QA2n
Thus —_— =
A2n = Aon—2 ’
, a T a
and so il 4 (p).
: QAon 7

The absolute value of the ratio of terms of two successive odd indices
in the last series of (4), is
Edht
Qop

Thus, if we choose |z| > \/ %, we see that the series (4) divérges.
4
Accordingly, D(z) has a root z, such that |z,| < ’\/%z_’ and from the
3 ,

Fredholm theory on -the foundation Ef, the relation given in (A) follows
at once.

B) F:2: 3 (2, ¢~ =03 ¢ = 2,Jkp -D- Jasyu xx F O.
Suppose . Jég)(ﬂ) ke = 0.
Then, by the Corolla.ry of Theorem 111,

~—.

J(zs)as) "'“/’ =0,
that is, Jep =0, andso ¢ = zyJkp = O,
which is contla,ry to hypothesm ~ Thus |
e T ey e 2 0.
TrEoreM V. &7 3 (2, ¢~ =0)3 ¢ = 2,Jxp D+ Jpp 0.
- Suppose Jép = 0. '

* Cf. 11, § 4 (b).
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Then - zo70J (J pr) (Jrgp) = 0,
and by Theorem I J(]g)(34) kK = 0-

Thus J ¢« = 0, and so ¢ =0, which is contrary to hypothesis.
Our assumption is untenable and J¢¢ = 0.

Note.—This theorem is of importance in that it enables us fto
normalize a set of characteristic functions of a Hermitian kernel. That
is, given any set of characteristic functions, we can obtain an equivalent
set of which the functions are unitary and orthogonal.

TaeoreM VI.—

P as to M

-3 (2, p23Tpp F0) 3 ¢ = 2 Jxp D+ 27"« ‘D 7> 0).

Proof— - ¢ =zJkp andso Jpp= 2 Pxg,
¢ = zoJcp/c and so J¢¢p = z0J2¢/<¢
. Thus | 20J2¢K¢ =7z, J¢xp and zy= 7,
- Farther, if «is of posmve type as to ‘the class M, J*gxp >0, and.
2> 0.

Definition.—A set of characteristic functions of a Hermitian kernel «
is said to be complete for « in case every characteristic function of « can
be expressed linearly in terms of functions of this set. The proof of the
existence of such a set may be obtamed -a8 a direct genelahza,tlon of the
proof by Schmidt.*' =

THEOREM VII.—

1
Pl

H . U.0. complete for « | characteristic numbers for «
{pn} PR ) A o

M‘ converges (BB ; &) :D: 0= - k—3 ¢:¢” D Jasan wo=0.

n

Proof.—Suppose J(ga)(41,‘ww *0.
Using Theorems IV and v, 'We secure the existence of a num-
ber ¢ and function Y- such that Jy %0 and = e,
Then Iy = oI filTwp) = o[ U gy — L8] =0,

L

* Loc. cit. pp, 444-6.
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But n oA =cJey andso v =clkp. 7

?

Since the set, { ¢} is complete for «,- . .+ r.
f ‘/,:= s (l'.n'lﬁn; :
S n=1 A

Thus i 7 TP = 5 audPe =0,

R =1 ' T
which 'denies the property secured for . iAccordingly, we
have . T Lo

\

T asyan) wo = 0.

THEOREM VIII.—

. { ¢n}U .0. comPlete for « . ’ ]‘Zn} charadteriét{e numbers for « o
ca 3J$na=0 (77/) D Jzﬁxa =0 (‘3)

Proof.—We have, without postﬁ‘la,tion of the property P, on the
operation J, the relations sufficient to prove that-the set {¢n}
is a complete characteristic set for «, with the corresponding
set {z:} of characteristic numbers, and that .

3 ﬂ‘ﬁ" converges (‘BEB R) *

RIREEE ! SIS e s iy
Thus, 'by Theorem VII T
©= % %? "D+ Jaguy ow = 0.

n

By the Corollary of Theorem 111,

0,

J 2a/c a=2 _Ja¢,;{¢ma h
‘that is, '~ - 'j(JEkal)\'(chza) = 0, .
and, by Theorem I, J%akga = 0,
that is, A - JUa)(Jka) =0,

.ai'ldr,/,b&”._'l;‘héorém L, . J 2/3@ =0 (B

* Cf., Schmidt, loc. cit., pp. 447-451. The proofs of the relations we have stated may be
obtained as direct generalizations of the proofs given by Schmidt. The-relative uniform -con-
vergence is sqcured from the dominance:of the class £ by the class (MM).
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TrEOREM IX,—

}U.O. complete for {Z }charactétistic numbers for x
n

7 {gn |
D! (e, B) D JrakB = %Jad)nj-&n!@.
Proof—Let £=JkB and 7z = 5_% $uT Ful. - 5)

The series on the right converges uniformly, relative to a
scale function of the class M.* Then

Jgun =0 (k),
and, by Theorem VIII,

J*ykn = Iy = 0 ().

But Jiin = Jné = J%kB andso Jzp=0. (6)
By Theorem I,  Jzy = Jyz =10 (y),

and so Jaf = % Japn I 2,

and so J %GB = % J——a¢’”zJ¢""8 .

Thus we have secured the Hilbert-Schmidt existence theorems and
the Hilbert expansion theorem (Theorem IX) for a .complex-valued
‘Hermitian kernel on the foundation 27 in which the functional operation
J is not restricted by postulation of the property P,. The condition
&~ = 0 in the classical theory is replaced by the condition Jés,w) kx F 0,
and the theory is, in general, the same. i

V. The Non-Hermitian Kernel in General Analysis.t

In the discussion of the equation Jaw = £, we shall use a generaliza-
tion of results obtained by E. Schmidt, in which he has discussed the
unsymmetric kernel in ingtance IV, the continuous case, in relation to
characteristic funetions and’ numbers, and in which, for a continuous
function «, he hags, proyed the exisfence of a.get of numbers {z,} and of

- * The proof of this statement is contained in that of the theorem in II, § 5 (1), in which
the property P, of the functional operation is not used.

t Cf. E. Schmidt, lo¢, cit., pp. 459-466. v
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functions {¢,} and of functions {\,}, such that
. 1 1
¢n(t) = Zn S \b‘n(-q) K(S, t) ds and \//‘:,,,(S) = an K(S, t) ¢n(t) dt;
0 0

for every n. In the present discussion, we shall generalize these results
not only by generalizing the range and the functional operation, but also
by extending them in application to a kernel function on a range which is
the composite of two ranges not necessarily the same. For this we shall
consider two systems =’ and =" of type £3. In this way we shall secure,
in case ' = 3 = 31V, the results given in the classical instance above.
However, by varying X' and =", we obtain distinctly new results. For
example, if we take 3’ = 31V, 3 = 3., our results are as follows: for a
given set of continuous functions (£, ..., &) on the interval (0, 1), not all
zero, there exists a set of numbers {z} and of continuous functions {¢:},
and of numbers (Zy;, ..., Zu), such that

n 1 _
=2 2 z;& and xp =z So & (s) gpi(9)ds (K, 2).
=1

We introduce, as we have said, two systems,

b

S - (Q[ R SRILCDDoR on P’ to A | £ = M)y ; J-;LMHP on &' to A
. H tl I - ’

s (Ql ;P 2,,LO’DD‘,R onPtoA | J,,LMHP on &' to Ql)

‘R" — ( .DZ"‘.IH")

and form the system i 5

(0 B=0V; M= @Ry K= (R T = J’J")

w
Since 2’ and 2" are of type =4, it follows from the theory of *-composition
of systems that 2 is also of type Z;. Functions of the classes in =' and
2" will be given single and double accents respectively, while those in the
classes of 2 will be unaccented.

[

THEOREM X.— .
£ :2: Junes Jil?g)(u) EEEF0 D I} VO {gn} VO {m > 0]
3 gn =2 "En * pu= 2 'Epn ().
Proof—It is clear that the fﬁnction J'E€ has the properties H and
P with respect to the opera.tion J", and that

"y

Jesyay J'EEYT'EE) 0.
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Accordingly, by Theorems IV, V, and VI, we have a set of
characteristic functions {¢,} for this function as kernel, which
we may assume to be unitary and orthogonal with respect to J",
and a corresponding set of positive characteristic numbers {z3}.

n

Since the function ¢, is, for every n, a characteristic function
for J'££ with characteristic number 22, we have

pn =" TEEBu (),
and if we let ¢a/1. - Z;J"fsb;: (22, > 0) (m),

we have the desired relation excepi: for the unitary, orthogonal
character of the set {¢.}.

To prove this, we.have
Jl‘;;ﬂ}sv'u = ZnZnd’ (J”Sbnf) (J"£¢
= 202" (T EE) m,

== S J”¢n¢m’

and since the set {¢,} is unitary and orthogonal, so also is the

set {¢n}.

TreorEM XI.—Under the hypotheses and notation of Theorem X, we
have

{ U.0. complete for JEt 2 characteristic numbers for J'Z &
b} Az}

n

' }U.O. complete set for J''§E {2

o~

9 } characteristic numbers for J"§ ¢
n

Probf.—Let "= 2" T £E) ¢
We wish first to show that ¢’ = z,J"£¢" is a characteristic
function of J"££€ with characteristic number 73. We have
¢I —_ zﬁJ”f[J”(J’fE)gb”] — zﬁJ"{-‘(J’fq)’) — ng’l(J‘llff_)qsl.

Thus we have proved that, with 22 and ¢" assumed as characteristic num-
ber and funetion, respectively, of J'E, the function ¢' defined as z,J"¢g"
is a characteristic function of J"'f'? with characteristic number 22.
Similarly, with 22 and ¢’ assumed as characteristic number and function
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’

of J"£E, we can show that ¢” eﬁned as 2, J'E¢', is a characteristic

function of J'££ with characteristic number 27
We wish further to show that, if we ha,ve given a umt&ry and ortho-

gonal set {4}, complete for J'Z£ and obtain the set {¢n} by the relation
¢n = 2, J"Ep for every n, then the set {¢,} is complete for J'EE. To

do this, we must show that any characteristic function ¢’ of J'EE is a
linear combination of functions of the set {¢,}. We have

¢ = 2T JT"ED .
But we have shown that ¢ defined as z,J'€¢' is a characteristic function
of J'Z£ with characteristic number 22, and since the set {¢,} is complete

for J'E€, we have n
¢” = cn¢{1:-

n=1

Thus J”f(,b” —_ § C;;J”f‘i’ — 2 cn?_‘ )
_ |
But e = eI E) = 2 TEDS = -9
0
. 3 O
Thus ¢ =2y = = ¢n.
n=1 Zn

That the set {¢n} is complete for J'E¢ if the set {¢.} is complete for
J'EE, as well as the desired relation concemmg characteristic numbers, is
proved in an analogous manner.

The unitary and orthogonal properties of the equivalence are proved as |
is the corresponding property in Theorem X.

VI. The Equation Jaw = £ in Generalization.

As stated in § ITI, the problem of determining under what conditions
on the function w we shall have, for every Hermitian function «, the
equivalence of the properties P, and P,, suggests at once the problem of
the solution for a of the equation Jaw= £ The necessary and sufficient
condition for the solution of this equation, in instance IV, has been dis-
cussed by Picard.* While not so stated by Picard, his discussion really
involves the problem which, in generalization, becomes : to decompose a

* Rendiconti di Palermo, Vol. 29 (1910).
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_function £ into two functions » and ¢ (that is, to determine » and ¢ so that
£ =9+{), where  is in the space o (that is, there exists a function a
such that » = Jaw) and ¢ is orthogonal to w (that is, Jéw = 0). In case
w is closed as to M, that is, J{w = 0 implies JEE = 0, we have secured
the existence of a function # which differs from £ only by one of the ex-
ceptional elements, viz., ¢ such that JE¢ = 0. In case J is restricted by
postulation of the property P,, the function a is a solut1on of the equation
since we have Jaw = £

If, now, as in §V, we use as foundation the %-composite of two
systems 2’ and 2", the problem reduces to a problem well known in the
geometry of a function space, by a suitable choice of the two systems.
For, if we choose X' = Zj and X" = =™» the problem becomes: given a
set of continuous functions (£, ..., &) ; to decompose a continuous fune-
tion £ into the functions »' and {' where »' is in the space (&, ..., &Nz

(that is, there exists a sequence of numbers (ay, ..., @), such that
7= 2 aifé) and {' is orthogonal to that space (that is, J'T'&; =0 for
i=1

. every k). .
As foundation, we use two systems of type 25 and 27, respectively,

R, — (EDE'!DN)* . J,LMHP on &' to Q[)
) .

> (QI . q}/ . %ILCDDQR on SB' to A .
"

( g, gurlDoR on L P to 91, g ECDDE-Bo" . o (ivz"'a»")*;

oLMEP on (V) to 91)
and form the system
S B=PR; m= @) & = @8 J=J7").

As in §V, we use single and double accents to denote functions of classes
of 2’ and 2", respectively, while functions of classes in = are unaccented.

The system 2 is of type Z;. To obtain the theorem we wish to prove, we
shall restriet the class Rt to classes having the property S, defined in § II,
above. As we shall prove that, if %" has the property Cy, it has also the
property S,* this restriction might be imposed by restricting =" to be of
type 2.

* Cor., Theorem XVI,
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Tasorem XII.—
NS D €3 Iy en I @y EEEEF O - £ 1D0
A0, )2 & =o+{ a2y =T - JTTHTE) =0
C~ %zf, T E¢nd ' converges,*
where {¢,} is a unitary, orthogonal, complete set of characteristic func-

tions of J"¢€ and {22} is the set of corresponding characteristic numbers
for J"£E, as discussed in Theorems X and XI.

Lemia— J"J'EET'EN =0 D J'{'=0 ().
For, by Theorem I, J"J'{' ¢, = 0 and so'J’ ' = 0, for every n.
Proof of the Theorem.—
B & = A+ o = T PITOTE) =0 >
Zsz’f dnd ' FnE' converges.
For, J'gné' =Jd ' un'+T' gl = J'Gun' = J'$uJ "éd"
_ "G

Zn

Thus J"gna" = 2, Pl (1),
and, since by Bessel’s inequality,t

—_ n
ZJ" a"'¢pnd " gna'’ converges,

2= -
we have Z md' ¢ ond ' Pu €' converges.

* If the class '’ has the property S, then for every function ¢, such that
2 1y = =
J(]z)(u) Jasyny EEEE #0,
and for every function ¢ it is true that the relation : there exist two functions ' and ¢’ such
that & =o' +¢{ and a function o, such that #' = J"¢” and J" (J'{E)(J" ) =0, is equi-
 valent to the relation : fzij T, J'p, ¢ converges.
+ By Bessel’s inequality, we shall understand the relation,
{a/l}uo o' .D. EJ"-"a.”J"ﬁ”a" < J1E"a.

The removal of postulation of the definite property from the functional operation does not
affect the validity of the proof as given in II, § 5 (f).
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A

(B) Ez J'f'anJ & converges -D- 3@, N3¢ =7+
'30!”377’ — J"fa" . J"(J'f’f)(J'gf’) = 0.
Let =J'¢.&,

and so ‘ 2 Tozn?: converges.
n

By the property S of the class %', we secure the existence of

a function o), such that z,2, = J" ¢nai for every n. Let

g J" II’ d
sf] fa1 an a;;= J’a);f{ (n)'

0= n 1
Then, z;, = J'$u(J"Ed)) = J"(J'$n )i = =7 ¢,,a1 =z, ().
Thus J'%fr = J'GLEl.
Choose 7 = &, =8&—y, o= !,
and we have T g =0 (),

and, by Theorem VIII,
J! (J/Z—rf)(J/Eg-l) =0.

In case J(,122)(34) J(/g)(m EEE£=0, the decomposition suggested in the
theorem is always possible, since J"'(J'{'€)(J" (") = 0 by the Corollary
of Theorem III, for every function ' of the class M'. Accordingly, if we
choose #* =0, {' = ¢£’, and o' = 0, we have the desired decomposition.

Remarks on the conditions of Theorem XII.

(A) It is obvious that, in case there are only a finite number of charac-
teristic numbers in the set {22}, the condition Zz J anpnd Pna’ con-

verges, is always satisfied. This is the case, for example, in the instance
already cited in which 2" is 2™, In this instance we can choose

N =W =W,
and since J'' has the property P,, the condition
T'J'THOUTES) =0
reduces to . J'E¢ =o0.

Thus we obtain the theorem already cited ; viz., given a system Z’ of type
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3} and a set of functions (&, ..., &) and a function £’, these functions all
being of the class ', we can alwa.ys decompose £' into a function of the
space (£, ..., &)z and a function orthogonal to that space. In this in-
stance, the condition

“

Tanen Jasyen EEEE =0,
which leads to the trivial decomposition noted above, reduces to

JEE=0

for every 4.

(B) In case there are an infinite number of functions, unitary and
orthogonal, in the classes M’ and M, we can always set up a function £ /
and a corresponding function £’, so that the condition of the theorem is
not satisfied. Let {¢,} and {¢,} be two unitary and orthogonal sets of
functions of the classes M’ and M/, respectively, each set containing an
infinite number of functions. Since M’ and M'' each have the properties
D and D,, we secure the existence of functions ¢;, and ¢, and of sequences
{an} and {an} of numbers greater than unity, such that

lpn | < angpo and |pn| << alion,
and accordingly | oh % n o} ¢0,

where a, is equal to a,ay, and the relations hold for every n. Let

=
§—2¢"¢” and §—Z¢”,
n=1 &n n=1 %n
where 2, is equal to na, for every n. Since the classes M and M' are
closed, the functions £ and £’ belong to these classes, respectively. But

T 22T E gnd ' Pué' does not converge, since each term in the summation
n
is unity.

(C) If we choose ' = ", W' =M", and J' = J", and drop accents
throughout to obtain one system X of type =y, the decomposition becomes :
given a function w, to decompose a given function £ into two functions »
and ¢, such that 4 = Jwa and J(Jo{)(Jf) = 0. With special reference
to the instance IV, if we take M'' as the class of all functions integrable
with their squares on the interval (0, 1) in the sense of Lebesgue and: in
all other respects X' and 2" as identical with =V, we obtain the theorem
of Picard cited above. We show later that the class %"’ so chosen has the
property S.* :

"* Vide § XI (A) together with Corcllary to Theorem XVI, and footnote § XI ().
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(D) Finally, to return to'the problem sugge‘sﬁed by the analogy of the
sphere and the ellipsoid as reduced in § III,, we make the reduction to
a single system as in (C) and assume that the class t (= ®'") has the
property S. We see then, that, if a Hermitian function w of the class &,
definite as to the class M, and a function £ of the class M, are so related
that the decomposition of the theorem is possible, we have

Jtawkoa >0 (a) D+ J2&kE> 0.
For, by the theorem, there exist funetions 5, {, and a, such that
E=n+l n=Jwa, and JUE)Jwf) =0
Since w is definite as to M, this last relation is equivalent to
JE¢ = 0.
Using Theorem I, we have

JEx€E = Jkn = I *awkwa > 0.

VIL. Conditions on o sufficient to secure the Equivalence of the Relations
7 amd &%, on the Foundation =)

In this discussion we shall use the notion of a set of functions, com-
plete for N, as we have already defined this relation, viz.,

{

Using this definition on the functions a3, a—@8, a+18, a—iB, in turn,
and combining results, we have immediately,

}complete for . ai)'t S Jaq = %Jagbn TFna.

N {"Pn}complete for Rt g I (a’ /8)9} *D- JE,B = %Ja‘ﬁn J‘_ﬁnlB'

TaeorEM XIIT.—

‘ . . .0. compl
" 33 [characteristic functions of ¢] U-O: complete for %t

" mP
- KH Jma,stom .. KPJa,stoﬁt.

Progf.—Denote the set of characteristic ;?unctions by (¢, ..., ¢n, ...).*

* The set of functions may be either infinite or finite as, for example, in inst ance IV and
instance II,, respectively. The summations oceurring later in the paper, unless otherwise
indicated, are to be taken so as to include each one of these functions,
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(A) Given a Hermitian function « and a function a of the classes
& and N, respectively, let
Ay = J&¢,,, and §n = JK¢n (n),
and ky = Ty = T Pirdy @)
By Bessel’s inequality, we secure at once the convergence of
% @nayn. Also, since
Z (G Cor = Ukor*

and the class & is dominated by the class (), the series
%(fnfn)]e converges to a function which is dominated by a

nowhere negative function u? of the class (Di)g, and accord-
ingly D) | | converges (B; w).t
Also, since

23 kygky) = 3 TG& =2 TUk¢id i) < Jap e el

we secure the convergence of

Ei (%: ki 7%]) = % ki I;ij-

(B) Since the set {¢,} is complete for N, we have
Jaxk =ZJagsJ gux = Z ann.

Since, from (A), the convergence of this series is- relatively
uniform,

J?axa = ZaJGa =T z J & i pja = 2 a2 by,

Using the relations of convergence established in (A), we see
that the order of summation of this last series is immaterial,

and write _ _
J2a/<a = E aikijaj.
]

* The suffix B on a function of two or rore variables indicates that the arguments of the
function are to be set equal.

t II, §2 (7). ,

{ This relation is stated in II, § 5 (%), and may be proved without postulation of the pro-
perty P, on the operation J.
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(O) Given any function B of the clags M, we have
J*Bw Kw,B = 2] —JE ¢i J2—¢f,;‘l‘c¢j J.—"Ltle .
L i i

The proof of this statement involves relations similar to those
used in (B), and, accordingly, we shall omit the discussion of
questions of convergence, merely indicating the steps to be
taken.

T2 Bux =2 J(TBw) pid gix  (B; M),

T4Bokef = STTBw) $iT PulT 2y 45 c0B) = 5 J_fjﬁ T5: S Ty I, (Jub)

Bbi < 1a- . Thi J TB ¢ J,

(D) For a given n we can solve for B the set of equations

JB¢i _biG=1,...,m)

the solution being B = X 23055

Since, by hypothesis, for every 8 we have
J*BwkefS >0
1-n
we see that (b, ..., 0, D - = bkyb; >0
i

But, since
l—o0

({ai}la' -21 a;a; converges) . ({ {kgtt3 2 kyky converges)
i= Yy

1-n _ l-w
D L 2 aik,y'a = 2 aikijc'zj,
2

n i
we have - {a;} 3 2 a;a; converges D % a;kyd > 0.
. )

Using the results obtained in (B), we have the desired rela-

tion ; viz. . _
’ ! a D J¥%ka > 0.
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Remarks on the Conditions of Theorem XIII. Egquivalence, Jjor a
Hermitian Kernel Function w, of the Properties: Gemeral for 9;
Ezistence of a Unitary, Orthogonal Set of Characteristic Functions
of w, which is either Complete for M or General for N.*

Having, then, in view of §III,, this condition on w, sufficient to
secure for every Hermitian function « the equivalence of the properties,
Py as to N and Ps as to N, we discuss the meaning of the condition, that
is, for what functions of the clags £ can we establish the existence of a
unitary and orthogonal characteristic set of functions, complete for #? In
this discussion we use the definitions of § II.

TreEorEM XIV.—

-na3 & 3 Jaa +£0 D . of 1D general for R

. . .0. 1f
~ - 3 [eharacteristic functions of w]U general for

(A) wH general for it 5.

3 [chiaracteristic functions of «]0 O general for N

By hypothesis,
a:Dte D 3By, 2 Ja—JwB)a—Jwb.,) < e

We see immediately that, by virtue of our hypothesis on the
class 9, there must exist in that class a function 8, such that

J%awB = 0,
and accordingly J (223) @y ww 7= 0.

Thus we secure the existence of a set {¢,} of characteristic
functions of w, which may be taken as unitary and orthogonal.
Using relations (5) and (6) of the proof of Theorem IX, we have

JwIBel — ’7+E ¢nJ ‘inleel — ’7+2 ¢ nBe (7)

and Iy = 0.

-

* For a discussion of relations in this connection obtained in instance IV, see Hans
Hahn, ¢ Bericht tiber die Theorie der linearen Integralgleichungen, ”Jahresbe’mchtd Deutschen
Mathem.- Vereinigung, Vol. 20 (1911), pp. 108, 109.

+ Of. Hilbert, Géttinger Nachrichten, 1904, p. 78, and Theorem XV below,
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Using these relations and Theorem 1, we have
@Dt D 3 J(a—z N J¢nﬁn>< S b J%Be,) <o,

Given a positive number ¢, choose ¢, = %e, and n, such that

J_¢n J¢n,3c, +JB¢, ¢nJ¢na JIBe] 175,,:7(/),“8,1

n-w zn z

*
< ¢.

n

Choose B, = B, Ap = JZ”’& m=1,...,mn,),

and we have the desired relation ; viz.,

N,

a:Die D (@ ..., W) 3 J(a—— E a,,gbn) (a— El an¢n.> <e

U.0. general for 9

B) o - 3 [characteristic functions of ] -D-

general for N
® .

Denote the set of characteristic functions by {¢.}. Then, by
hypothesis, '

N,

a:D. e D 3 (al; ceey anc) 3 J(a— 25 a'n,¢n> (a— 2 an¢n>
' i n=1 n=1
Thus, by choosing B, = > @nZnepn, We show that
n=1

a:D: e D 3B,3 J(a—JwBG)(a—JwBa)<e-

TaeoreEM XV.—

{"/n}U'O' ‘5 {‘Yn}general for:d | {'Yn} complete for m.

(A) {‘}’n}U .0. general for %t 5. {.'Yn,)[ complete for 9&- +

. N » . .
* = isto beinterpreted as S or 3 according as there are a finite number N of
n=ne =g, =g

functions in the set { ¢,,} or an infinite number.

+ This relation is, in instance IV, due to Hilbert, Gottinger Nachrichten, 1906, pp. 443-5.
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By hypothesis,

@a:idie D T(ay ..., an) 3 J(a— ) an‘)’n) (a— 2 anw> <e. (8
g n=1 n=
We wish to prove

a D Jaa= 3 Jay,Jdyna. (9).
. n=1

Suppose this relation does not hold. = Then, by Bessel's
inequality, we must have, for some function a,

Jaa > 3 J ayn J vna.
n=1

Let e = Jaa— 2‘ J-d‘y11,J‘)7f)7,a > 0’

n=1
and, by relation (8), determine 7, and (ay, ..., @,). We have,
bowever,

J(a— i anyn> (a— 26 a/n'}’n)
1 n=1

n=
N

=et+ 2 JayaJnat 3 Taya—an) T yma—an)>e.

n=n,+1 n=1

Thus our assumption is untenable, and relation (9) holds.

(B) {')’n } U.0. complete for N {yﬂ } general for 9}

. D .
Under the hypothesis,

a D Jaa= I Jayndyna,
1 .

n=
we wish to prove
T, g
@Dl e D I(ay, ..., a) 2 J<a— 2 an'yn> (a— b anyn) <e.
n=1 n=1
Let‘ - U= Jypa  (n).
Then

T m 7 n,
J(a— E__‘,l qnyn) (a— n§=‘,1 anyn) = Jaa— n2=)1 Jayndyna,
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and using our hypothesis, by a proper choice of 7., we have

J (a— 26 aq(,‘y,,,,) (a“‘ i an‘)’n) <e.
n=1

n=1

Thus, on the foundation X7, if w is general for %, the relations

HPj asto HP, b
K % ang ([FEresto R are equivalent for every «.

We obtain in the next sectmn, other conditions on a umta,ry and
orthogonal set of functions, equivalent to that of complete for N, but these
are to be given on the foundation Z,.

VIII. The Equivalence, on the Foundation Z,, of the Properties closed as
to N and General for N, for a Unitary and Orthogonal Set of Func-
tions of N*  On the Foundation Z, the Equivalence, for a
Hermitian Function o, of the following Properties : (A) General Jor
N; B) Ultra-Closed as to N; the Ewistence of a Unitary and
Orthogonal Set of Characteristic Functions of o which is (C) General
Jor N, (D) Complete for N, (B) Closed as to N. '

In this section, we continue the discussion of the content of the con-
ditions of Theorem XIII, and obtain properties of a unitary and orthogonal
get of functions of N, equivalent to the property, complete for 9. To -
secure these equivalences, we shall use the system ZX;, which we have
defined as follows ‘

= (M) % ;

LMHP on ((mgt)z) o 91) )

(QI;- B mLDoR.CJ on 5 to A ; Q)ELCDDGR.?O% R

J
The closure property Cy for %t has been defined as follows :
e} 3 L Jonmadan—ad = 0 *3 3@ L J@—a(a—a) = 0.

Notationally, following Fischer, we write for the last relation

L a, ~ a.
n

* These relations, in instance IV, have been obtained by Fischer, Comptes Rendus,
Vol 144 (1907), pp. 1148-51. Theorems XVI and XVIL a,re there proved for this instance.
Cf. also Hans Hahn, loc. cit.
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TerorEM XVI.—

({an} 2 %Z @y converges) -+ {ag} U0 -D- I o®

n
3a~0L > a;a; ° an:——Jana ,(n)-

% =1

(A) We have

m

" n n n
L J ( S aia— = aia,;) (2 Aidi— = aia,-> = L 2 a4, =0,
i i=1 i i mm, m<n t=m

mn, m<n =1

i=1 i=1

Thus, since N has the property Cy, we secure the existence of
a function o in the class ¢, such that '

n

a~L ! ;4.
n i=1

(B) By the Schwarz inequality,

(.n, k) -2 J (a— él aiai> aipd g (a— ié aiai)

i=

n

<J (a— gl aiai> (a— > aia,-).

i= i=1

"

Thus LJ (a— > aiai> a; = 0,
n =1

i=

for every k. Buf

"
n = kE -D- J(a—- > aiai> a; = Jaa,— ay.
i=1 ’

Thus ap, = Jak a.

CorornArRy.—The class R of the system 2, has the property S de-
fined in § II.

THEOREM XVII_.—{an}U'O' D! {a,,}dosed c~ {an}.geneml_

(A) {an}U.O. closed = {‘an}geneml.'

Given a function o of the class ¢, let a, = Ja,a for every =.
By Theorem XVI, we secure the existence of a function 8 in
the class $t, such that

{-: J <,3—i§1 aiai) ()8— X a«;ﬂi) =0 and = JanB ). (10)

i=1
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Thus, for every =, J (a—ﬁ) a, =0,

and, since; the set k{an} is closed, ,
J (@—PB)(a—p) = 0.

From relations (10), we have
L (JB,B-— 5 aiai) —o0.
n i=1

From the inequality 6f Schwarz and the first of relations (10),

(11)

Y

we have "
> aiai) =0.
i=1

LJ (ﬁ—' % aia,;) (a—
n i=1 i
Combining these relations; we have

L (Faa— % @) = 7 @B = 0.

N

Thus, ]# J (a—g afiai) <a_i§1 aiai) = 0,.

=1

\
and
n‘ . "Q B .
a:D:le D 3IM3 J<a— > aiai> (a-—- ) aiai) <e.
i=1 i=1

(B) , {an } U.0. general 5. { n} closed'

Suppose {a.} is not closed, and let B be a function such that

JBB >0 and JBa, = 0 for every n. Then *
J(ﬁ—._zl aiai) (,3"‘ il aiai) = JB/3+_EI aia; = JB_IB >0,
for every sequence {a;} and number #. Thus the set {a,} is
not general. Our assumption is untenable and the set {a,}
is closed. :

" TreoreEM X VIII.— ’
wultm-closed as to N

M2 3 a3 Jaa£0 D0 of 1D
U.O. closed as to 9¢

~ - 3 [characteristic functions of «]

If » is Hermitian and ultra-closed as to ®, the condition
we have imposed on the class R is sufficient to:secure the re-
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lation J(ia)(ﬁ) ww 7 0, and so, by Theorem IV, the existence of
a set of characteristic functions, which may be taken as
unitary and orthogonal and complete for w. Using Theorems
I and VIII, we have

U.O0. complete for U
2. (g} e ¢ -a 1D

J(Jaw)Jwa) =0 ~—~+ Joa =0 (1),

and the desired equlvalence follows at once.

To summarize, then, the equivalent relations we have obtained in
Theorems XIV, XV, XVII, and XVIII, we state the following theorem.

TreorEM XIX.—On the foundation Z,, if the class 9t be such that in
1t there exists a function a such that Jaa ts not zero, the following pro-
perties are -equivalent, for amy Hermitian function o of the class & :
general ; ultra-closed ; the existence of a unitary and orthogonal set of .
characteristic functions of w which is either gemeral, or closed, or com-
plete. Each 'relation 18 taken with respect to the class N.

We recall that in order to secure for the operation J, the properties
of the functional operation of the system Z;, the postulates HPP, were
placed on'the function w. On the other hand, on the foundation Z,;, the
postulation of any one of the equivalent properties of Theorem XIX on a
Hermitian function  is sufficient to secure for every Hermitian function
«x the equivalence of the properties, positive as to J and positive as to J,.
Thus, neither of the properties P or P, on the function w is necessary to
secure this equivalence. However, in connection with the instance
suggested by the analogy of the sphere and the ellipsoid, the following
theorem is of importance.

TaeoreM XX.—On the foundation Z,, if a Hermitian function o s
definite as to the class R, then, for every Hermitian function «, the pro-
perties, positive as to J and positive as to J.,, are equivalent.

To prove this theorem, we note first that, if the class % is such that
for every function o of that class, Jaa = 0, we have the desired equi-
valence at once. If N is such that there exists in the class a function o
such that Jaa= 0, the hypothesis on w is sufficient to secure the
existence of a unitary and orthogonal set of characteristic functions of o,
which is closed as to R.

Since a Hermitian function  which.is definite is of either positive or
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negative type, we see that, in Theorem XX, we have again the close
analogy of the sphere and the ellipsoid in evidence, although the relation
here involves 2, with the class %t and the postulate C; on that cla,ss

IX. Instances of Systems Z,.*

The theorems we have proved have been on foundations none of which
are more extensive than the system =, and, accordingly, we give msta.nces
of this system on which as founda.tlon each theorem holds.

(A) A = [all complex numbers]; P = PV = (O-—i); ‘

9 = [all functions of the form a3, where o and B are real,
single-valued functions on the range %, integrable to-
- gether with their squares in the sense of Lebesgue],

M = WY = [all continuous funetions of the class N],

&= R“’ (M), = [all single-valued, continuous functions
on the range $%],

Jux(st) = Js(ss) = j: x(ss)ds,
1 ‘ .
W T— L (o3 F+18y) (ag+1285) ds

= 5: ayagds+1 [5: (018 +B1a9) ds]— 5: B1Bads ;

A~ A ~.
JZ aiviy; = Zai:fy,;_w. "
% i TN BRI PN

The only property of the elements necessary for us to discuss is the pro-
perty Cs for the class ®. Fischert has shown that the sub-class of M
“ consisting of all its real valued functions has this property. To extend to
the whole class, we wish to prove:

{ngk} S (Vm;-vn)(vm—vn) ds=0 D"

mn

1 .
3 V 3 LJ v—uv)v—rg) ds = 0.
: w Jo

R
v

* HExcept as regards the classes N, these instances have been cited by Prof. Moore.
Cf. II, § 1 and § 4 (a).

t Loc. cit., pp. 1023-4.

L
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Let . Vp — an-l"i/Bn,

Where. an and B, are real valued functions, for every », and the hypothesis
reduces to

_ 11-1 j: [(aan_a7z)2+(ﬁm_18n)2] ds = O,

j (Bn—PBr)?ds = 0.

1
QY L L j (am— an)2 ds =
‘ “mn Jo

mn

Thus, from the results of Fischer, there exist real va,lued functions o and
A in the class R, such that

1 1
Lj (a—a)?ds=0 and L 5 B—B.Y ds = 0.
n Jo -n Jo

Accordingly,

In‘ S: [(a+28)—(an+18x) ][ (@+08) — (an+1B8,)] ds = 0.
Choose v = a+13, and we have the desired relation.
(B) A = [all complex numbers], B == (0,1, ..., n),
N = M = M = [all sequences of # elements from the class A,
£ = DMy = (9)2"" M), = [all double sequen]ces of n* elements
of %AJ,

Jar(st) = Jek(ss) = Z «k(ss) = 2 k. ~
s=1 i=1
That the class R of this instance has the property C; is at once obtain-
able, since we have to consider only limits of a finite sum.

(C) %A = [all complex numbers], $=P™ = (0, 1, 2, ...),
R = ;= W' = [all infinite sequences {a.} of numbers a, of %,

such that E anﬁn converges] ,

& = @)y = M"=M™), = [all infinite double sequences { {%;!} }
of elements &; of 2, such that there
exists a function {a;} of the class
M, such that | &y| < <|aa;| for every
¢ and j],

-]

Tur(st) = T,k (s5) = ';51 (ss) = 3 F .
s= i=1
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S

-Again, the only property of the elements we need to consider is the
" property C; of the class ®. The proof that % has this property has been-
given by E. Schmidt.* The notion of ‘‘strong convergence ” which he
hag used is, in this instance, equivalent to what we have called “ conver-
gence in the mean.”

X. The Equivalence of the Properties Cy and S for a Class R.

Since we are to discuss properties of a single class :%, we take as
foundation a system simpler than those systems we have considered
heretofore ; viz.,

(’2[; B 9}LDOR on §§ to 32[; JLMHP on (MN)7, to 91)

On this system as foundation, we have

TaeorEM XXI.—N 3 3 {ai’}}U'o' complete for N . . ey L. @S,
(A) NG - NS,
This relation is proved as in Theorem XVI, and is given in

the Corollary to that theorem. It is clear that the proof
there given is valid on the foundation given above.

(B) Nz3 {a?}U'O' complete for N M -5. R0

To prove this relation, consider a sequence {83,} of functions
of N, such that

LJ Bu—B Br—Bw = 0.
‘We_have, then,
L 2 7 (BamB) as I (Ba—) = 0.
Let = JaiBn = tin (@, m).
Then 2 Qin Gy, converges for every n, and
% - L 12 (@im— @) (@im— @i) = 0.
Since, as we have shown in § IX (B) and § IX (C), the classes

M and M have the properties Cj, we secure the existence
of a sequence {a;} which is either finite or infinite depending

* E. Schmidt, Rendiconti di Palermo, Vol. 25 (1908), pp. 58-60.
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on the number of functions in the sequence {a;}, and such
that = a;a; converges, and furthermore '

L 3 (@i— @) (@;—ain) = 0.
n 1 )

Since, by hypothesis, the class % has the property S, we
secure the existence of a function B of the class ¢, such that
a; = Ja;B for every 7. Then

L 2 J(,B_,Bn)az J&i(ﬁ_ﬁn) = O’
or, since the set {a;} is complete for N,
L J(IB—BJL)(B_BIL) =0,

and so we have
{/831} 3 ,']V%LJ(IB’M_IB’")(IBM—IB”L) =0 -D2- 3 ,89“ 3 % J(,B_/Bn)(IB‘—B'n) =0.

Thus, the class : has the property C as was to be proved.

XI. Summary.

Taking, then, as a guide for our discussion, the positive kernel in the
instance of the general theory suggested by the analogy of the sphere
and the ellipseid, we have been led to a discussion of conditions on a
Hermitian function » sufficient to secure, for ‘every Hermitian kernel
function «, the equivalence of the properties, positive as to J and posi-
tive as to J,. We have considered a system in which the functional
operation is not restricted by postulation of the definite property P,
and have shown that the Hilbert-Schmidt theory as to theorems of
existence of characteristic functions and numbers, together with expan-
sion theorems, may be obtained on this system as foundation, the
expansion theorems being stated with respect to functions of a class %t
on which are placed postulates less restrictive than those placed on the
class M of the system X,. We have generalized the theory of the non-
symmetric kernel in the extended sense of a function on the composite
of two ranges not necessarily the same. Using these results and with
the same extensions, we have generalized a theorem by Picard on con-
ditions for a solution of an integral equation of the first kind.

We have next considered conditions on a Hermitian function e
sufficient to secure the equivalence stated in our original problem. We
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found as such a condition that there exists a unitary and orthogonal set
of characteristic functions of w which is complete for the class ¢, and
showed that this is equivalent to the condition that w be general for <.
-On the foundation X, in which the class % is restricted by postulation
of the property of closure as to convergence in the mean with respect
to the functional operation J, we showed the equivalence of either of
these conditions on w to either of the conditions : w, ultra-closed as to
9, and the existence of a unitary and orthogonal set of characteristic
functions of ' which is closed as to .

To connect with the instance of the general theory suggested by the
analogy of the sphere and the ellipsoid, we have shown that the con-
dition that o be Hermitian and definite as to R is, on the foundation
2, a sufficient condition to secure the equivalence, for every Hermitian

+ funetion «, of the properties, positive as to J and positive as to J,.
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