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On Inequalities of Certain Types in General Linear
Integral Equation Theory.

By Mary BEveLyn WEeLLs.

Part 1.
§ 1. Introduction.

In the theory of the classical linear integral equation

£(s)=n(s)—2 [ x(s, ) (t)ds

we find the inequality of Schwarz *

b b b 2
S tE@ s ) 1as—[ @ s)as|zo.
In the theory of the general linear integral equation
E(s)=n(s)—AJx(s, t)n(t), (1)
in which appear more general functions and operator, explained later, E. H.

Moore has found, among other inequalities, the analogue of the Schwarz
inequality given above, namely,

JEET i —J EndnE 20, (2)
where — denotes the conjugate imaginary. We proceed to the discussion of
such inequalities. '

In a memoir “On the Foundations of the Theory of Linear Integral
Equations ”,+ E. H. Moore has given the basis 3;, and system of postulates, of
a theory of the general linear integral equation (1) which we shall write

E=n—adxn. ‘ (1)
E. H. Moore has defined the properties of class M=[u] of functions u on a
general range L=[p] to the class U=[a] of all real or complex numbers,
properties of class (M), to which the kernel function x belongs, and also the
properties of the functional operation J, necessary for the theory of the gen-

*

* Heywood-Fréchet, “ I Equation de Fredholm.”
T Bulletin of the American Mathematical Society, Ser. 2, Vol. XVIIL.
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eral linear integral equation. For the convenience of the reader some of the
definitions are given here.
M is linear (L), in notation M%, in case

EIR:S:RLE [all y:a1y1+a2[t2+ e —|-a,,yn].

9 is real (R), in notation M7, in case the class M is the same as the class

of conjugate elements, .
M=N.

J is an operator of binary quality eliminating both the arguments s and ¢
when it operates on such a function as u,(s)u,(t) or x(s,t) giving a number of
class . That J operates on a function x to give a number a, we indicate by
the notation J %% The notation J, ,x(s,t) will be replaced, throughout,
by Jx, and J ¢ i ($)ua(t) by Juapu,. That Juyu, is in general different from
Juyuy is seen by the examples of J used in § 4.

The operator J is linear (L), in notation J*, in case

(qul—l— Uo¥o=—1X% implieS alel + azJ%Z:J‘x.
The operator J is hermitian (H), in notation J¥, in case
Jupr=J g gy -

The operator J is positive (P), in notation J%, in case for every function

u of M
Juuz0.
Using the foundation

zz(g)r; %}; E)J’ELR; @E(Sﬁgj‘e)*; JOnRto?LLHP)y

it is the purpose of the first part of this paper to show the existence of certain
inequalities of the type

a2 _
2 i g JuEEm 20 (8% A5 T (3)

where ijkl is an arrangement of the digits 1234 which refer to the functions in
the first, second, third and fourth positions in the product £&x# of which the
arguments are omitted for convenience. For instance the term a,g./ 4/5,6677
indicates ayJEnJEn. Of the twenty-four terms to correspond with the twenty-
four arrangements of the subseripts 1234 in J,;J,, only twelve are distinet
since J;J,=JyJ;. Thus, the inequality is one of twelve terms as indicated
by the notation in (3). For definiteness the digit 1 will be kept in the first
place or the last place in the arrangements of 1234, and the other digits will
be in dictionary order. With this plan the coefficients of the twelve distinct
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terms are as indicated in table (7). In further explanation of (3) it should
be said that the parenthesis indicates that the inequalities are valid for all
functions £ and » of the class M and all operators which have the properties
LHP. Since throughout this paper £ and » will always be considered of the
class M, and each J will have the properties LHP, these superscripts will
often be omitted, and the superseripts used will usually indicate still more
special properties of £, », and J.

Further, it will be shown that the inequalities exhibited form a funda-
mental set for the two cases, (1°) where J:j, ey I nx(8, ) =J nx(t,s)*,
(2°) where £ and % are real. By saying that certain inequalities form a funda-
mental set, it is meant that any inequality of type (3) which satisfies condi-
tions shown to be necessary, can be expressed as a sum of positive or zero
multiples of the inequalities forming the fundamental set.

The three following inequalities, containing a numerical parameter w,
together with those obtainable from these three by transformations on £ and »,
form the fundamental set (1°) when J=J, (2°) when £ and » are real.

(1 + wlt) Ty Ty + (% + )1y o} EEnn 20 (E™; o™ w¥; JUEP). (4)
%J12J43+7‘.J14st+’“']32J41'|‘“ﬁJ34leffgﬂﬁio (£m§ 77“3 u%; JLHP)~ (5)
’J13J42+aJ13J24+“J42J31+W_IU24J31‘Egﬂﬁzo (Em§ n’”; “u§ JLEP)' (6)

§ 2. Proofs of the Inequalities.

A special case of the first inequality (4) is the generalized Schwarz
inequality (2) stated and proved by E. H. Moore. The proof of inequality (4)
was exhibited by E. H. Moore in class lectures given in January, 1914. For
the derivation of (4) and (5) E. H. Moore proved that when a set of classes
of functions ', M”, ...., M™, each of which is linear (L) and real (R),
is used to form the class M= (W'IM”....M™),,+ the resulting class is
linear (L) and real (R); and that the corresponding functional operation
J=J'J"....J™, in which each J® has the properties LP, itself has the
properties LP. Accordingly, when m=2, we have

TiaTsi(Entunf) (En+unf)20  (E%; o™; u¥; JLEP; JrLor),

* E. H. Moore, Bulletin of the American Mathematical Society, April, 1912.

+¢On the Fundamental Functional Operation of a General Theory of Linear Integral Equations”
published in the ““ Proceedings of the Fifth International Congress of Mathematicians, Cambridge, August,
1912.”
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Since the two operators are not necessarily the same, two inequalities are ob-
tained, (4) by using JJ and (5) by using JJ.

To prove (6) it is only necessary to write the inequality as a product of a
number and its conjugate:

(JEn+udng) (JEn+uJnE)20  (E%; #™; o¥; JH7).

Table (7), in which the inequalities are tabulated by means of their coeffi-
cients a,;, and labeled 4,, 4,, . ..., 4; for convenience in reference, shows the
complete set of inequalities (4), (5), (6) and those obtainable from (4), (5)
and (6) by transformations on £ and . The transformations used may be
indicated by the usual transformation notation:* (££), (££) (n7), (n%)-

Qg4 | Qo438 | Cazoy| Gaase | Graos | Guse | Bosgn | Goasy |Aa2ar] Asser |Pagss| Pasza

Ay fi4+uw 0 [ 0[O0 fo0 fu+m 0|0 ]0] 0 [0f] 0 |

4, ,| 0 i4ww O fu+w 0 O | O[O O] O [Of O L(47)
d; .1 O 0 0 0 0 0 0 |u+%.0 L+wu] O 0

A,,| 0 0 0 0 0 0 ju+a 0 (O 0 0 14uw

As .| 0O 1 0 0 u 0 0 O |u| uuw |0 0 (7)
Ag | 1 0 u 0 0 0 0 010 0 u | uu L (5")
A, .1 0 U 0 0 u 0 0 0 | u 1 0 0

Ag | wu 0 w]0]lO0O[O0O]O|O0O]O] O |ul 1|

45,1 O 0 w|{1[.0]0 0 |uw|Of O Ju] O
AIO, u 0 0 u uu 0 0 0 1 0 0 u 0 L(Gl) E
Ap .| O 0 0 0 u lwu | 1 0 | u 0 0 0
Ay ] 0 0 0 0 u 1 wuu | O | u 0 0 0 | J

§ 3. The Twelve Inequalities (7) Form a Fundamental Set When J=J.

Proor. Since the operator J is self-transpose (J =J )y Juaps=J o, . As
an example of such an operator may be mentioned the classical unary J of the
classical instances II,,, 111, IV 1 which, in the respective instances, is

o b
z, f dp.

When the self-transpose J operates upon %, we have
Jpdu=Jpds=JdyJn=J43Jy ’

J13Jz4=J13J42:J24J31:J42J31, (8)
J14J23=J14J32=J23J41:J32J41-

n
2,
p=1

* Cf. Cajori, “Theory of Equations.”
+ E. H. Moore, “On the Fundamental Functional Operation of a General Theory of Linear Integral
Equations.”



Consequently, we have a grouping of coefficients a,;, which we designate

General Linear Integral Equation Theory.

b1 =194+ A1g45+ B3401 + Az »
by = 1334+ Crzan Aogs1 + Gagmr »
b3 = 1403+ Gragp + Cogir + Ugo1 -

167

9)

In this notation the general inequality which we wish to build from the
given inequalities (7) is

(b1J12J34+sz13J24+b3J14J23)£g*7;1 i 0

(&5 n3 J=J).

(10)

In this field, J =J, the given inequalities (7), with grouping of coefficients in
accordance with (9), reduce to four distinct inequalities B,, B,, B;, B,,
tabulated by means of the coefficients b,, b,, b;, as follows:

b]_ bg b3
B, ., 14+uu 0 u+u 1
B, . 14wz uta 0 (11)
B, , 0 14uwututu 0
B, , 0 0 14 uutu-+u

To build the general inequality (10), as the sum of positive or zero mul-
tiples of the fundamental inequalities (11), it is evident that the multipliers
must be expressed in terms of the coefficients b, b,, and b;. First, then, we
determine certain necessary conditions involving b,, b, and b,, which are
certain expressions in b,, b,, b; found to be necessarily positive or zero numbers.
By suitable choice of certain of these expressions we build (10) as a sum of
positive or zero multiples of the inequalities (11). -

For the determination of necessary conditions on by, b,, b; we need only
to use a binary operator, and use for £ and » the vectors (#,, #,) and (y;, ¥.).
In this binary algebraic case, the linearity of J demands that J&» have the
form

Ju®iY1+ J100Y, + I a®alr + 20z -

Therefore, the binary operator may be written
J= <j11 .712>’
J21 J22
which effects the ordinary matricial combination with the product £ which is

<“’1y1: x1y2>
oY1, ToYs)

And, conversely, this form of J implies the linearity of J.
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The fact that this operator is hermitian (H)* is expressed in the eq_uality

J1Z1y1+ 119%0Y2 + Jnas +j22x2y2=j11@1+j21@2+j12@1+j22m2—y2 (@1, Xay Y1) Y2) s
for which it is necessary and sufficient that the matrix (j,,) be hermitian, viz.,
In=lu, (r=1,2; s=1,2).
The property P of J* demands
J11 Ty + 10903 %0 + Jon@o¥y + a0, 20 (2, %)
For the positiveness of this hermitian form the necessary and sufficient condi-

tions are . . .. ..
120, J22 20, Jufer—f12fn 2 0.

Hence the matrix (j,,) is both hermitian and positive. In general, it is true
that such an operator, binary or n-ary, is hermitian (H) if, and only if, the
matrix (j,,) is hermitian; and such an operator is positive (P) if, and only if,
each principal minor is positive or zero.

The binary operator <z)“ O > affords, as a special instance of (10),
Jo2

b1 (J110:%1 + J22%575 ) (J1191Y1+ 122Y5Y2)
+ by (Ju®1Y1 + 122%0Y) (J181Y1 + J2ueYs) 20 <
+ b3 (§1u@1Y1 + 122%0Y2) (JuZrt1 -+ J22%2Y2)
The cases
(&5 n5 J) = (21, %25 Y1, Y25 Ju, Jz)
=@1,0;1,0;1,0), (0,—1; 1,0; 1,1), (1,¢;1, —i;1,1),
- (1,%;1,2; 1, 1),
where i=V —1, show that we have as necessary conditions:
bit+by+b:20, 6,20,  by+b,20,  by+b;20. (13)
With these conditions on the coefficients we are able at once to build the
general inequality (10) in the field indicated by J=J from the fundamental
inequalities (11).
If b;>0, we secure the desired inequality by using
%b1B2.—-1+ (b1+b2)B3,0+b3B4,0’
which is the sum of positive or zero multiples of positive or zero forms, hence
is positive or zero. If b;<0, we use

—3bsBy, 13 (b, +b5) By 14 (6140, +b5) By o,
which is the sum of positive or zero multiples of positive or zero forms, hence
is positive or zero. ‘

Xy, yl? ]1120> (12
Tyy Yoy §220 )

* Cf. Section 1.
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§4. The Twelve Inequalities (7) Form a Fundamental Set When £ and »
Are Real.

Proor. In case £ and » are real we have:

J12J34:J12J43=J34J21:J43J21’
J13J42=J14J32=J23J41=J24Js1,

JisJo=J1ud s, (14)
Jpdu=Jdpds.
We shall designate the consequent grouping of coefficients a;,
C1= G133+ 1z + Gaz1 + Gugon
Cy= O340+ Q1432 + (o341 + Boay s (15)

C3 = (1394 + Ay03
Cy= (3pa1 + Qyzz; -

The corresponding general inequality which is to be expressed as the sum
of positive or zero multiples of the fundamental inequalities is

(01J12J34+CleaJ4z+03f]13J24+04J32J41)£E77;120 (ER; ’7R§ J)- (16)

With £ and » real, the given inequalities (7), with grouping of coefficients in
accordance with (15), reduce to three distinct inequalities C,, C,, C;, tabulated
by means of their coefficients ¢, ¢,, ¢;, ¢, as follows:

41 Ca Cs Cy
Cyu|1+uu| utu 0 0 (17)
Cy |1+uu| O W u
Csul O |14wuu| % w

The multipiiers in terms of ¢,, ¢,, ¢;, ¢, with which to build the general
inequality (16), as a sum of positive or zero multiples of known inequalities
(17) are to be chosen from necessary conditions involving the coefficients
€1y €z, C3, C4. Again, it is possible to determine the necessary conditions by
use of a binary operator; but in order to secure sufficient conditions, a more
general binary operator must be used than served for the situation J=J. We
use j;, pure imaginary (I) and have

J= < 7:11 7:12>.
—J12 J2

22
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The inequality (16) becomes, for this special case,

1 (Juu3 4 J0a%3) (Juutfi + J2y) T
+ ¢} fumYr+ T12 (B1Ys—Ta91) + JoaaY | z; Y
)j11w1y1+j12(x23/1_w1y2) +jzzxzyzf 20 jllz 0 . (18)
+ Cs{ a1+ 12 (B1Ye— L) + 2oy | J220 jis
+04%‘7'1151’13/1'*‘.7'12(3723/1_551?/2) + 12022y J Jufe+0%20

By making suitable choice of the variables and elements of the matrix J, we
secure the necessary conditions. In this instance it is convenient to use the
most general matrix whose determinant is zero. Such a matrix is

(7}'7,_1 ’_1’,_2) where j,=eij; and e”. (19)
J201 12d2
In this work we need frequently to remember that
me’+2ne4+p>0  (eF) (20)
implies
mE, nf, p®, m2>0,p=20, mp—n®20. (21)

The cases (21, T35 Y1y Y25 Jus J1zy Jo2)
=(1,0; 170; 1;0’ 1), (170; 0,1; 171:’1)’ (1’1;1’_1; 1,0,1)

give as necessary conditions
a+ctc+6,20, ¢4c—c;—c 20, ¢,20, }

(01+Cz)ni0, (03+04)R’ Cf, Cf.
The case (Zy, @5 Y1, Y25 Jus Jre, J22) = (1,05 1,15 1, —e'i, €*) gives the
inequality
(ert+cy—e3—c,) e —2i(cs—c,) €'+ (e1+c+c3+¢,) 20 ()
which, by (21), ensures the conditions
(ce—cy)!, .7.¢;=0,, and (6;46;)"—4cy6,20. (23)
With the conditions expressed in (22) and (23) it is possible to build the
general inequality (16) in this field (£%; *), from the fundamental inequali-
ties (17).
If ¢,>0, we may build first for the case ¢;=0, using the consequent
condition:

" hence, (22)

c3—4cge, 2 0.

The desired inequality is given by
3 et (3—4056.) 1 Cy 20,100+ (c3—t000yh- (24)
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If ¢, 30 it follows from (22) that ¢;>0, and we may obtain the desired
inequality by adding ¢,C; , to the inequality (24) already built.
If ¢,=0 the necessary conditions (22) and (23) reduce to
0120, C%—40304=_>_0-
Hence, the desired inequality may be expressed as
3 ot (3—46560) Oy 0,0t (c1—tescr-
If ¢,<0 and ¢;+¢,F0, we use
—3¢,Cy, 1 +dC, ,/q, Where d=3[ci+c+4 | (c1+06,) —4cac,}H].
If ¢,+¢,=0, it follows that ¢c;=¢,=0. Hence, we secure the desired inequality
by using }¢,C, ;.
Parr II.
§ 5. Definition of Polarizable Inequality.
The inequality
a2 _
'j%l @] kb 2.0 (&% 7™ JHP)
is said to be polarizable if it is true that
a2 o
= (Sl a5 J) EEm 20 (E™; n™; J'PEP; JEEF). (29)
e
It will be shown in this part of the paper that the first eight inequalities
of (7) are polarizable, while the last four are not polarizable, even for the
case J=J, or for the case £ and » real. Also, it will be shown that these eight

polarizable inequalities (4’) and (5’) form a fundamental set of polarizable
inequalities (1°) when J =J, and (2°) when £ and » are real.

§ 6. Proof, of the Polariced Forms.
In § 2 we have
I os (En+unk) (En+un£)20  (E; 05 w5 J'5 J7).
‘We may equally well have
Ji s (En+unk) (En+unk)20  (E5m;u™; J'5J").
The sum of these two inequalities is
{ (L4-aat) (T i+ T3 T5) + (ut70) (Ji 5+ T 1) [ EEmn 20
(Esms w5 J'5 7). (26)
This is the polarized form of (4). Similarly, by using J'J” and J"J’" we obtain
the polarized form of (5). Transformations* on £ and » afford the polarized

*Cf. Section 2.
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forms of the remaining six inequalities of (4’) and (5’). It will be seen from
conditions (30) and (34) that the inequalities (6’) are not polarizable even
when J is self-transpose or £ and » are real.

§7. The L‘zght Polarizable Inequalities (4') and (5') Form a Fundamental
Set of Polarizable Inequalities When J= J.

Proor. Since J'=J and J”=J", and the operand is £x#, it follows that

;2 :;; - 43 - J21J84 - JZl 48 ’ )
J;!-l 1; - JMJZI - J4 12 - J43J21 ’

’ ;; —'Jls 42—J31J24 _'J3l 42 ’ L
JéJ{é—Ju 81—J42J13_ 2t
J14J23 - J;A‘]SZ - J«il 23 - J41J32 ’
JJu=Jwli=JuJi=July.

(27)

7
The corresponding grouping of coefficients a,;, is

Oross+ Qrosg+ Q31+ Ausnr s Crsas+ Crgie+ Gogs1 + Gyog1y Grgos+ Gryze + Bogn + 001 5
which have already been defined (9) as b,, b,, b, respectively.
The general inequality which we wish ‘to build from the eight given
inequalities (4’) and (5') is
(beoi b r ot Usoius) EEni 20 (E; 3 T=J). (10)
However, since this inequality is polarizable, it must be true that
1 or (Jied 5+ T o 12) 4o (Jisai T2 1) +ba (J1T 5+ T e 1s) HEER7 >0
(E;m; =073 J7=J"). (28)

i, 0 in O
J' = <.711 g > and J" = <.711 : >’
0 Jg 0 7%

we have as a special instance of (28),
b { (]:;1x1i_v-1+j;2w252) (Fuyivh ‘l‘jééyzgz)} ]
+ (I + j2Y:72) (73120181 + J 25,5 )
+0, { (]:ﬁi&gl +]:ézxzyz) (714719, + 257572 ) } 0 1 Yo
+ (JuZYh + j2u7:>) (11209 + J52%2Y3) m20 720
+ b, { (1mm1% +.722w2y2) (.7115151y1+.722x2./2)} =0 73>0
- (I + 122%242) (112,79, + J22%575)

Using the operators

v

(29)

The cases (x,, %y; Y1, ys; 11y T2y I11s Jon
:(1,0; 1’0; 110§ 170)’ (]-;ir 17 _.; y 13 1)
1

' 1; 0,1 0),
_(1)7‘; 1,14 071; 170)7 (—1’171’1r 071; 70)

y
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show that we have as necessary conditions

bitby+b:20, byi+b—by 20, by—by+b,20, by—b,—b;>0.  (30)

Since all polarizable inequalities for the field J =J must satisfy condition
(30), and since neither B; , nor B, , of (11) satisfies the last condition of (30),
it is now seen, as was suggested in § 5, that neither B, , nor B, , is polarizable.
It follows that the inequalities (6’) from which B; , and B, , were obtained do
not satisfy the definition of polarizable inequality, as that definition demands
that the polarized form be positive or zero for all J** of which we have
J=J"8P a5 an instance.

The eight inequalities (4’) and (5’) which were proved polarlzable, reduce
to two when J = J designated as B, , and B, , under (11).

The desired inequality (10) is shown to be the sum of positive or zero
multiples of the fundamental polarizable inequalities B, , and B, , as follows:

When by, >0 and b, 3 b;, the desired inequality has the form

3 b331,1+% dle, bo/dy 9
where
dlzbl—b3+ % (bl—bs)z_bggé-

When b, <0 and b,+4b; 3£ 0, the desired inequality has the form

—3 b3Bl, 1+3 dsz, ba/ds 9
where
d2:b1+b3+ z (bl‘l-bs)z—b;z‘i.
When b,=b,, we use 4b,B,,, since b,=0. When b,=—b;, we use
3 b,B; _,, since b,=0.

§ 8. The Eight Polarizable Inequalities (4') and (3') Form a Fundamgntal
Set When & and n Are Real.

Proor. In this instance (&%, %)

J;%’ J12J43 - ;1 34— J21J43 ’
J34 21— J43J2l —J34 2= ;3 ;; )
TTh=T il =T t=Jwls, |
J13 90— ;4 ;; - J23J4l - J24J81 ’
] 42J J32J14 - J41J23 - J31J24 b
J32J41 - ']42J31 - J41J32 - J31

The corresponding grouping of coefficients is that indicated in (15). Hence
the inequality (16) is the general inequality which is to be expressed as the

(31)
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sum of positive or zero multiples of the known polarizable inequalities, C; ,
and C, ,, to which (4’) and (5’) reduce when £ and #» are real. The positive
or zero multipliers will be chosen from necessary conditions on ¢, ¢, ¢, ¢;.
The conditions (22) and (23), which must be satisfied by the coefficients
of all inequalities (16) must necessarily be satisfied by the coefficients of the
polarizable inequality (16). In addition to these conditions (22) and (23),
necessary conditions are obtained by using the fact that the inequality (16) is
polarizable; 1. e.

{er (s + T3 1) + 62 (Jied o+ T2 3s) + 63 (Jiad3i+J 20T
tei(Jala+Juds) (EEm 20 (EF; 975075 J7).  (32)

J= < Ju jiz) Jr— ( I jié) ’
. N k) 2 7
—Jie T2 —Je Je

where j}, and j;; are pure imaginary, gives as a special case of (32):

The use of

1} (F2 +5023) (F11Y3+ G220/3)
+ (Juyi+inys) (71934 5023) | R R
"jilwlyl+j;2(wly2_x2yl) + I} ;e fz
i@+ i3 (@i —s) e, o
+¢; 1207520

+ {51+ 1o (Boy1— 1Y) + J22%2Ys |

;j;;xlyl+j{;(wly2—x2y1) +f;;xzyz-f r=0 j%zo .7,;,;12 o 1 (33)
+ 265} 11,2191 + 10 (B1Y2a—La41) + Fr2%2Yn | ‘7.12 ) 7.12
{iueys+ 51 (1Y, — 011 ) + 257515 | fnfntiz 20
+2¢,{§18:Y1 + 12 (Bt — 1Y) + Jas2ys t Iufn+ie 20

{70209+ 12 (Zay— 212) +as@aye |
The special values
(15 B3 Y1y Y25 J11y Jizs G225 J11s G159 J25)
=(1,0;0,1;1,41;1,—3,1), (1,1; 1,—1; 0,0,1; 1,0, 0)
give the necessary conditions

C—Ct+C+¢,20, ¢—cp—cg—c, > 0, }

whence (34)

6—¢, 2 0.

Again, it is convenient to use, for J, a matrix whose determinant is zero.

We choose _
e (y’ig’{ j{{;>’ Jre (m;;r i
Jodt Jada iy )
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where j,=e'tj; and j; =e"ij;’ with ¢’ and e” real. Then (33) becomes a
quadratic in ¢’ and also in ¢”. As an instance we set
(21, @3 Y15 Yz jily .7';27 j;z; jﬁ’ ];;7 .72;) =(1,1;1, —151, —e'i, 6,2; 1, —e, 6”2)’
and (33) gives the quadratic expression P(e/, ¢’’) in ¢’ and ¢” which must be
positive or zero for every real e’ and e”, and for which, therefore, the dis-
criminant must be positive or zero.
P(e, e")y=2¢,(1+¢€?) (1+¢€")
+cf (1+2¢i—e) (1—2¢"1—e'"?)
+ (1—2e't—e?) (14-2¢"i—e"?) | +20 (€%, eF).
+2¢,(1+2e't—e?) (1+42¢"1—e"?)
+2¢,(1—2¢€'i—e?) (1—2¢""1—e'"?)
The discriminant of P (e’, 0) gives the condition
ct—(cats+¢,) 2+ (63—¢4)* 2 0;
the discriminant of P(e’, 1) gives
ci— (Ca—C3—¢;)*+ (c3—¢4)* 20,
whence
cf—03—40y, 2.0,
and, thus,
¢+ c3—4030, 2 0. (35)
The discriminant of P (e’ e¢”’) as to e’ is a homogeneous quadratic expression
in (1—e% 2¢’), and since for e’ real, even between the values —1 and 41,
2¢’/ (1—e®) takes every real value, the discriminant of this homogeneous
expression must be positive or zero. Hence, we have the condition

(ci+c3—4cse,)*—4cic; 2 0,
and, therefore, by virtue of (35)

citci—4dcye, > + 2040,
or (e1£0y)"—40636, 2 0. (36)

It can be seen from (34) that C; , of (17) is not polarizable. By use of (22),
(23), (34) and (36) we build all polarizable inequalities in this field (£%; »%)
as the sum of positive or zero multiples of the polarizable inequalities C, , and
C,., of (17) in the following ways:

If ¢,>0 and ¢; F ¢,, the desired inequality may be expressed as

3 0201,1+d102 s Co/dyy
where
dy=%[c;—c+ | (c1—¢;) P —4cye, ],
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If ¢,<0 and ¢;+c;, F 0, the desired inequality has the form
—3 0201, -1‘|‘d202, co/dz )

where

dy=%[cr 6+ | (c14¢,) —4esef?].

If ¢,>0 and ¢,=c¢,, it follows from (36) that ¢;=c,=0, and we may
express the inequality as 30,C
1V11-

If ¢,<0 and ¢,+¢,=0, it follows from (36) that ¢;=c¢,=0, and we may
use as the desired inequality

3 0101, —1-
Parr III.
§ 9. Bilinear Inequalities.

Somewhat related to the preceding problem is that of determining all
bilinear inequalities of the form

@9 .
iz.-,‘kJQjJ;’zEEnniO (Esm; 5 J").
7] A

It is the purpose of this portion of the paper to exhibit sixteen such inequali-
ties and prove that they form a fundamental set of bilinear inequalities for
the cases (1°)J=.7 and (2°) & and % real functions.

We have, in § 2, as a special instance of the theorem proved by E. H.
Moore, the inequality

JisJou(En+unk) (En+unk)20 (&5 n; 0505 J"),

which is also written

(ot W s+ uTpd i+ und s 5) EEmn 20 (E; ;5 w5 75 J").
By using J' instead of J’, J”' instead of J”, and J’ and J” instead of J’ and J"
we have also

(JaT s+ W ud i+ o+ wid oI 35) EEnn 20 (E; 75 u¥; J75 J7),

(JiJ o+ 0T n+ T g+ ui o J3 ) EEnn 20 (§5 95 u¥; J'; J7),

(Jad s+ ot udsel o+ o T3 ) EEm 20 (E5 75 u¥; J75 J").
Four more inequalities may be written by interchange of J’ and J”, the eight

being Z, , to Z; , inclusive, tabulated according to their coefficients 2w 10 (37).

By replacing £ by £ the inequalities Z, ,, ... ., Z15., 0f (37) are obtained from
inequalities Z, ,, ...., Zs ,.
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§ 10. The Sixteen Inequalities (37) Form a Fundamental Set of Bilinear
Inequalities When J'=J' and J"'=J".
Proor. In this field, J'=J' and J”=J", equations (27) are valid, and
they indicate the new coefficients,
W, = 219801 P1os+ o154+ Ro1ag ) Wo = 21324+ 1310+ Ra104+ 3142,
W3 =29+ 2usst 2uost 2use;  Wi=2ag + a1+ Rosrst Rao14» (38)
Ws=Roys1 T 2oom +Ross T 213, We=23401 1+ 2sse1 + 2301012531,
Accordingly the general inequality which we desire to build is
(’“flJin:«’xi+wzJ;3J;1+wsJ;.xJ;é"‘we;JésJﬁ + w5 5] 31 +w6J:;4J”)£g77;l 20
(E3m; J'=J";J"=J"). (39)
The known inequalities from which (39) is to be built in this field, J’ =J’ and
J'=J", are the four inequalities to which (37) reduce on account of (38),
and are tabulated in (40) according to their coefficients w;, . ..., ws.

Wy Wy W3 Wy Ws We

Wi.| 1

0 U % 0 uu
Vo,u| uu 0 u u 0 1 (40)
) 1 u 0 0 U wit
W, .| v u 0 0 U 1

23

(37)
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As before, it is possible to secure the necessary conditions from the form
eorresponding to binary operators. Use of

-y 0 j// 0
J/: <]ll ., >’ AJ//: < 11 .”>’
0 72 0 g2

gives as an instance of (39):

Wy (12071 + §55%:72) (1Y + o) |
+ 20, (§110:Y1 + Jao%2Y2) (JZ1T1 + T22%Y) Z, Lo
+ w3 (71,2:1 F 12222Y2) (F071Y1 + 2572y ) >0 K Y2 (41)
+ W, (11,T1Y1 +T0To¥a) (IT1 T+ I0%Ye) |~ 20 720 '
+ 15 (72,51 + J5:8aY2) (J1%1Y1 + 152%Ys) m20 jn20
+wo (Y, G+ 122Y2T2) (JuTiTr+ J52%5T5 ) )

The cases (-’131, xz; y17 yZ; jily jéz; .7;;1 .7;;)
:(071; 170; 0,1; 170)’ (1,05 0’1; Oyl; 1,0)

give as necessary conditions,

w; 20, wg20. (42)
The case (wl9 xz; yl’ yz; j;ly j;Z; jﬁr j;;) - (19 k1+ikz; 1) k1+ 1k2; 0) 1; 1) O)!
where k, and k, are real, gives as a special case of (41),
(wy+ws 4w, +we) (A1 +k3) + (wy+w;) (k3—F3)
+2i(wy—w;) bk 20 (KT, k). (43)
In (43) the values (k,, k) = (1, 0), (0, 1) give the necessary conditions
W+ Wy +ws+ 1w+ ws+ws 20, wy—w, +ws+w,—ws +we > 0. (44)
Hence, from (42) and (44),
(w2+wﬁ)R7 (ws+1'04)kr
while from (43) it is now seen that w,—w; is pure imaginary, and, therefore,
Wo =W, . (45)
Similarly, the case
(1, @o5 Y1y Yo3 Jus Joos Iurs J0) = (1, ky—iky; 1, ky+iky; 0,15 1,0)
yields the conditions
Wy +Wo—Wy— 1w, + W+ W =0, (wy—w,)?,
whence
Wy =W, . (46)

The case (21, %35 Y1, Ya3 11y Joo; ity 7&5) =(1, ky, + 1k,; 1,1, 4 1ly; 0,1; 1, 0),
where k,, k., I, I, are real, gives as an instance of (41),
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weli"f'll{ (s +ws 4w, 4 105) by 41 (W, + ws—w,—w;) kz} ]

R R
+wsl§+l23i(wz—w3+w4—’wa)k1— (wy—wz—w,+w;) kst +20 <l;,lz ]Zi}>~ (47)
+w, (K1 +K3) v
Inequality (47) shows that we=0 demands:
Wyt ws+w,+w; =0, w,+w;—w,—w;=0, (48
Wy—w3 +w,—w; =0, w,—w;—w,+1w;=0. )

For if not, suppose any one of (48) is not zero, say
Wyt ws+w,+ws F 0.
Then by taking (%, k,, ) = (1, 0, 0) we have,
L (wy+ws+wi+ws) +w, 20, (If),

which obviously is not true. Similarly, the other equations of (48) are proved
when we=0. Also, equations (48) follow when w,=0. Hence,

w; =0 or weg=0 demands w,=w;=w,=w;=0. (49)

Thus for the remaining cases we may suppose w; F 0 and w;F 0 and omit w, -
or wg as a factor in any expression which is positive or zero, each of whose
terms contains as factor one or more of the coefficients w,, . ..., ws, or wyw,.
When [;=0, (47) becomes a quadratic in l,, whose discriminant is a
quadratic in &, and k,, viz.:
14w we+ (Wy—ws+ w,—ws) *H el + 4w, we— (1w —ws—w, +ws) >} k3
+ 24 (W —wz +wy—ws) (We—wWs— 1w+ Ws) ki,

}20 (kkT).

" The discriminant of this quadratic in %k, and %, gives the condition
16w,we | wywe+ (Wy—ws) (ws—ws) | 20,
which by (49) gives as a condition always holding
wywe =+ (w,—ws;) (wy—w;) 2 0. (50)
Similarly, ,=0 reduces (47) to a quadratic in /, whose diseriminant is a quad-
ratic in %, and k,, which gives the necessary condition
w,we— (W, +w3) (ws~+1w5) 2 0. (51)
Conditions (50) and (51) combine to give
W Ws— Wyw,—wyw; 2 0,
whence W We+ wyw—wyws > 0, (62)

and WyWe— Wy, + wyws 2 0.



180 WerLns: On Inequalities of Certain Types in

The discriminant for (47) as a quadratic in /; is a quadratic in [,, viz.:

ke KR
0 < l)

4w+ 4wgly 11 (wy—ws +wy—ws) by — (Wy—ws—w,+ws) Ky |
+ {410,w5— (W, 423 410,105 ) * LT
+ 4w wg+ (W, +ws—w,—ws)
— 20 (wy w3+ w,+ws) (W, 4 ws—wy—wy;) bk,
whose discriminant, aside from a factor 16w}, reduces to
fw ws— (W wy) (ws+ws) kT4 wiws+ (we—1w,) (ws—ws) ths
— 24 (wyws—wws) ki,

v

} 20 (7, k7).
Hence,

fw3ws— (wy4-wy) (w3 +w5) | {1w01ws+ (wa—1wy) (ws—ws) |+ (wywy—waw;)* 20,
or (10, — WyW— W, W5 ) E—4w,wzw,mws 2> 0, (53)

Apart from exceptional cases, we have the desired general inequality

(39) in the form
d d
31,;.—6— Wl, 2wgw,/dy + —'2721 I/V‘i, 2wywg/dg )
where

) = W We—WW5 + Wt + | (W We—WWs— W3, ) 2 —4W,WswW W5+,
Ay =W, Ws+ W35 — W5, + | (W We— W Ws— W3, ) 2—4wywyw aw; | 1.
The exceptional cases in which the above method will not be permissible are:
(a) When wyws+wyws—wyw,=0; (b) when wlwe—wzws—l-w;w,zo; (¢) when
wyws—w,ws—wyw,—0; (d) when w,—0; (e) when ws=0.
In case w,we+ w,w;—wyw,=0 it follows that
w,=w;=0, wyws—wsw,=0,
and the desired inequality is
WiW 3 s, -
Similarly, w,ws—w,w;s-w,w,=0 demands
wy=w;=0, w,ws—w,w;=0;
and the desired inequality is
'WGW4, ws/wg *
In case w,ws—w,w;—wyw,=0, it is seen by (53) that
w,=w;=0 or w;—=w,=0.
In case w,=w;=0, the desired inequality is
WiW3, w0, -
In case wy=w,=0, the desired inequality is

w6I/V4, we/we *
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When w;,=0 or w,=0, we have w,=w,=w,=w;=0, by (49), hence the
desired inequality is
d Y wiWy o FweW, .

§11. The Sizteen Bilinear Inequalities (37) Form a Fundamental Set
When & and n Are Real.

Proor. Equations (31) which are valid in this case (£%; #%) indicate the

coefficients,
V1 =234+ 213+ Zo1ss o148y V2= 21sp4+ Zra03 + 22013+ 2314 » ]
V3="21300+ s T @oan T Rasty,  Vi=2yo1s+ Zop1s+ Za1os + 23124 (54)
Vs =Rgon + 2s0m1 T 20132 T 28102, V6= Rzt 2301+ Zasre + 231z

Further, let V=014 Vp+ 15+ 0+ U5+ Vs .
The general inequality desired is
(01 19 5 A Vo 180 55+ Vs 18] o+ Vi 3 s+ Vs 1 o+ Ve 3 15 ) Egﬂﬁ 2 O
(E%5 7" J"5 J").  (55)
When £ and # are real, the given inequalities (37) reduce, in accordance with
(54), to four inequalities (56).

vy | vy | vs | v | us | v
Viel 10| @ | u uu
Voul 1| w | O[O0 % |un (56)
Veyluu| 0 | u [ u 1
su|lwu| w | O[O0 | w |1

Binary operators give necessary and sufficient conditions on v,, ... ., v;.

J— <]’il jiz>’ " <1’§i ]1>
Jou Jee Jor Joe

give, as an instance of (55),

V1 1@+ (Fl2+Ja1) Tap + ool | 1
Vit (o ia) iyt Gnys
+vedfuyi+ (Jiz+J0) Yrye+ J2ay5 | wf @y
. {713+ (G124 Ja1) 0125 4 03 | yr Yr
'+'Uz{ Iy 1121 Y ~+ J51%281 + J25%0 Yo i Ju20 J2220
{F1iays 4 a1y + o1 %oty1 + T2y | >0 .711—0 J2e 20 (57)
+ V3] fut +jileyz+j;1xzy1+j;2w2yz} = I —‘?_12 )
VY1 + 515%,Y1 + I ®ays + oY | In=J
+ vy @11 F 12%eY1 + InZ1le + J20%0Yo | Jufre—J12dn 20
1712191+ 12192+ I1%ay1 + 120 | J1lose—Jin 2 0
+ Vs { @11+ I12%aYs + Jn®1Ye + J2 %Yo |
%ji;xl.%+ji;x2y1+j§1x1yz+jééx2yz|l J
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The cases (1, ¥z; Y1, Y25 11 Jizs I3 115 J12, J22) = (1,05 0,15 1,0,0;0,0,1),
(0,1;1,0;1,0,0;0,0,1), (1,0;1,0;1,0,0;1,0,0), (1,0;0,1;1,4,1;1,3,1),
(1,0; 0,1; 1,4, 1; 1, —4, 1), (1,1;1,—1;0,0,1;1,0,0), give as necessary
conditions
v, 20, 0520,
V140, 4+ V30 + 0540620, v3—0; 4034+ 0,— 5+, 20, (58)
VyF+0,— 03— 0, +V;+ 0620, v;—0,—V3—0,—V;+ 0,20,
whence
(v2+v5)%  (vs4v)"
The cases (0,1;1,0;1,¢,¢e?%;1,¢e",¢"?), (1,0;0,1;1,¢,e%; 1, —e"i,e"?),
(0,1;1,0;1, —e's, e2;1,¢", ¢, (1,0;0,1;1, —e's, e?; 1, —e"1, €”?) give
the four quadratic forms '
v + (Vv + vt vs)ee’ +vet 20,
v+ (V3 +v5—v,—0,) e’'e14vee* 20,
01”7 + (Vy+v3—uv—v5)e'e i+ vt 20,
v,€" 4+ (Vs +v—v,—v;) e'e”’ +vee? 20,

(99)

whose discriminants give the necessary conditions,
400s— (Va+ U3+ v, +05)2 20, 40,05+ (Vs +V;—v,—0,)2 20, (60)
4v e+ (Vo4 v3—v,—05)2 20,  4vvs— (V54 0,—0,—v5)* 2 0.
From (59) it is seen also that v,—v; and v;—v, are pure imaginary, which
with (58) gives the conditions,
A V=5, V3=7, (61)
Using the values
(@1) @25 Y1y Yo5 J11s D12y Jos 10y J12y ) = (1,15 —1,15 0,0, 151, —e”3, €™?),
the inequality (57) becomes
ve'"’—2e" 1 (V,— V34 0,—0;) + (V3 +Ve—ty— 03—, —1;) > 0 "(e”"),
whence, since the discriminant of this quadratic in ¢” must be positive or zero,
(v1+ve)*—4 (v, +2,) (vs405) 2 0. (62)
The values (1,1; —1,1;1, —e'i, €?; 1, —e''1, €'?) give:
e et —2 (0, +v3—v,— ;) €'t 4 (V3 V—Vy— Vy— v, — ;) |
+2€"} —2(vy—v3—0,+v5) € + (Vy— 03+ v,—v5) i (1—e?) } 20 (e'%, e'F),
+3 (1)1‘|"7«’6—"02_1’3_174_7)5)6/2+2('02+'03_U4_'05)e"’:‘l"u%
whose discriminant may be written as a homogeneous quadratic expression in
(1—e”, 2¢’). Since for ¢’ real, even between the values —1, and +1,
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2e¢’'/(1—e) takes every real value, the coefficient of 4¢’> and the diseriminant
of this homogeneous quadratic expression must be positive or zero. Hence,

(v,4v5)*—4 (v,—v,) (v5—13) 20, 63
{ (v14-v6) *—4 (V05 + v30,) {?—64v,050,0; 2 0. (63)
From (62) and (63) it follows that
(V14 v6) 2 —4 (V05 +140,) 20, )
whence
(V14 6) *—4 (V05— v304) 2 0,
and - (64)
(v1+v6)* 2 4040y,
and by (58)
v+ v > =2 (vgw,)
The second condition of (63) can be written
§ (V14 v6) 2—4 (V05— V30,) {2—16v,30, (v, +v6)* 2 0,
and hence by (64),
(V14 06) 2 —4 (V05— v30,) 2 =4 (v,+v6) (Vs14) 3,
and
11+ vs =2 (vav,) 2 2 40,05,
giving, by (64),
V10 £ 2(0504)F 2 22 (v,05) % (65)

In building the general inequality (55) as the sum of positive or zero
multiples of the fundamental inequalities (56), it is desirable first to build
those for which v,=vs=13(v,+v¢) = 0. For such, aside from exceptional cases,
the general inequality has the form

3 (v59) H(V1, oo+ Vs, ont) T38 (Vo 200+ Vi 2017a) s
where
d=v;4vs—2 (v30,) 4 [ {0, +v6—2 (v3v,) }}*—4v,0,] 1
When v, +vg—2 (v30,)*=0, it follows from (65) that v,=v;=0, hence the
desired inequality may be expressed as

3 (v1+96) (71, 20/ v T Vs, 20/ n 40 ) -
In case v, 3E vy, the desired inequality is secured by adding to that already
built
(v1—s) VI,O or (vg—v;) Vs,

.

according as v, is greater than or less than v;.

If »,=0, or v¢=0, then, by (60), v,=v;=v,=v;=0, hence the desired
inequality has the form
: V1 0+ 06V s 0.
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All portions of this paper which refer to £%, »%; namely, §4, §8, and §11,
are valid for £ and » pure imaginary, as an inequality for £ and » pure imag-
inary reduces at once to the same inequality for £ and » real.

On the three corresponding larger problems, retaining general operator
and general operand, the writer has made considerable progress. In each case
the nature of the coefficients a,;, and z;;,, has been determined, and many neces-
sary conditions on the coefficients have been secured, by use of binary, ternary,
quaternary and quinary operators. As to the nature of the coefficients it has
been found that in the problems corresponding to those of Part I and Part II,

03,20, 1520, 4320, 3,20,
[ 14327, Aot By,
O30y =Cyg1,  Orgos=yap1,
while in the problem on bilinear forms,
21204 2 0, 2121 2 0, 23 20, 2en 20,
2341220, 231220, 258,20, 2020,

2190 =%p51, P =2z, L8 =2n, 213 =721,

R301 =93> P43 =PRa124) P2413=23142y L0314 = %32+
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